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Real- variable characterizations of Orlicz- Hardy spaces 
on strongly Lipschitz domains of W^ 



^ ! Dachun Yang and Sibei Yang 

Abstract 

r ^ I Let O be a strongly Lipschitz domain of M", whose complement 

in M" is unbounded. Let L be a second order divergence form 
elliptic operator on L'^(Q) with the Dirichlet boundary condition, 
and the heat semigroup generated by L have the Gaussian prop- 
erty (Gdiam(Q)) with the regularity of their kernels measured by 
/i G (0,1], where diam(r2) denotes the diameter of 0,. Let <1> be 
a continuous, strictly increasing, subadditive and positive func- 
[^ ■ tion on (0, oo) of upper type 1 and of strictly critical lower type 

^ . p^ £ {n/{n + /x),l]. In this paper, the authors introduce the 

Orlicz-Hardy space H^^ri^) by restricting arbitrary elements of 
^_^ the Orlicz-Hardy space H^{M.'^) to O and establish its atomic de- 

f— ^ ■ composition by means of the Lusin area function associated with 

{e~*^}t>o. Applying this, the authors obtain two equivalent char- 
acterizations of H^^ri^) in terms of the nontangential maximal 
function and the Lusin area function associated with the heat semi- 
^ , group generated by L. 



1. Introduction 

The theory of Hardy spaces on the ra- dimensional Euclidean space R", was 
originally initiated by Stein and Weiss in [48]. Later, Fefferman and Stein 
[20] systematically developed a real-variable theory for the Hardy spaces 
HP[W^) with p G (0, 1], which plays an important role in various fields of 
analysis; see, for example, [47, 11, 40, 46]. It is well known that the Hardy 
space HP{W^) with p G (0, 1] is a good substitute of L'^{W^) in the study 
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of the boundedness of operators; for example, the classical Riesz transform 
is bounded on if^(R"), but not on L*'(M") with p G (0,1]. An important 
feature of H''^{M."') is their atomic decomposition characterizations, which 
were established by Coifman [12] when n = 1 and Latter [34] when n > 1; 
see also [51]. 

On the other hand, as a generalization of L^CR"-), the Orlicz space was 
introduced by Birnbaum-Orlicz in [7] and Orlicz in [41]; since then, the the- 
ory of the Orlicz spaces themselves has been well developed and these spaces 
have been widely used in probability, statistics, potential theory, partial dif- 
ferential equations, as well as harmonic analysis and some other fields of 
analysis; see, for example, [43, 44, 8, 37, 26]. Moreover, Orlicz-Hardy spaces 
are also suitable substitutes of the Orlicz spaces in the study of boundedness 
of operators; see, for example, [27, 50, 29, 31, 28]. Recall that Orlicz-Hardy 
spaces and their dual spaces were studied by Janson [27] on M" and Viviani 
[50] on spaces of homogeneous type in the sense of Coifman and Weiss [14]. 

It is known that Hardy spaces H^(M."') are essentially related to the Lapla- 
cian 

1=1 ' 

In recent years, the study of the real-variable theory of various function 
spaces associated with different differential operators has inspired great in- 
terests; see, for example, [2, 3, 18, 52, 16, 22, 21, 28, 29, 31, 30]. In par- 
ticular, Orlicz-Hardy spaces associated with some differential operators and 
their dual spaces were introduced and studied in [31, 29, 28]. 

One important aspect of the development in the theory of Hardy spaces 
is the study of Hardy spaces on domains of R"^; see, for example, [39, 10, 9, 
49, 4, 17, 25, 24]. Especially, Chang, Krantz and Stein [10] introduced the 
Hardy spaces H^{Q) and H'^{VL) on the domain fi for p G (0, 1], respectively, 
by restricting arbitrary elements of if (M") to f], and restricting elements 
of H^{W^) which are zero outside Vt to fi, where and in what follows, Vt 
denotes the closure of i7 in M". We point out that the Hardy spaces Hp{Q) 
and H^{Q), when i7 is a bounded smooth domain of M" and p G (0,1], 
naturally appeared in the study of the regularity of the Green operators, 
respectively, for the Dirichlet boundary problem and the Neumann boundary 
problem in [10, 9]. For these Hardy spaces, atomic decompositions have 
been obtained in [10] when f] is a special Lipschitz domain or a bounded 
Lipschitz domain of M". Let fi be a strongly Lipschitz domain, H^{Q) and 
Hl{Q) be defined as in [10]. Auscher and Russ [4] proved that H^{Q) and 
Hi (Q) can be characterized by the non-tangential maximal function and the 
Lusin area function associated with {e^*^}t>o, respectively, under the so- 
called Dirichlet and the Neumann boundary conditions, where L is an elliptic 
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second-order divergence operator such that for all t G (0, oo), the kernel of 
e~*^ has the Gaussian property (Goo) in the sense of Auscher and Russ 
[4, Definition 3] (see also Definition 2.1 below). Moreover, for these Hardy 
spaces, Huang [25] established a characterization in terms of the Littlewood- 
Paley-Stein function associated with L. Assume that the regularity of the 
kernel of the heat semigroup generated by L is measured by /i G (0, 1]. When 
fi is a special Lipschitz domain of M", p G {n/{n + /i), 1] and L satisfies the 
Neumann boundary condition, Duong and Yan [17] gave a simple proof of the 
atomic decomposition for elements in HliVt) via the nontangential maximal 
function associated with the Poisson semigroup generated by L. 

Let fi be a strongly Lipschitz domain of M", whose complement in M" 
is unbounded. Let L be a second order divergence form elliptic operator 
on L^(f2) with the Dirichlet boundary condition, and the heat semigroup 
generated by L have the Gaussian property (Gdiam(n)) with the regularity 
of their kernels measured by /x G (0,1] (see Definition 2.1 below for the 
definition), where diam(r2) denotes the diameter oiQ. Let $ be a continuous, 
strictly increasing, subadditive and positive function on (0, oo) of upper type 
1 and of strictly critical lower type p$ G {n/{n -|- /x), 1] (see (2.4) below for 
the definition of p$). A typical example of such functions is 

$(t) := e 

for all t G (0, oo) and p G {n/{n + /i), 1]. Motivated by [4, 10, 31, 29, 50], in 
this paper, we introduce the Orlicz-Hardy space iJ$^j.(r2) by restricting ele- 
ments of the classical Orlicz-Hardy space Hii>{W^) to fi, and give its atomic 
decomposition by means of the Lusin area function associated with the heat 
semigroup generated by L. Applying this, we obtain two equivalent charac- 
terizations of Hq,^r{^) in terms of the nontangential maximal function and 
the Lusin area function associated with the heat semigroup generated by L. 
Let H\^ {VL) be the Hardy space defined by the Lusin area function associated 
with the Poisson semigroup generated by L. As a byproduct, by applying 
the method used in this paper for the atomic decomposition of elements 
in Hq,^r{^) via the Lusin area function associated with the heat semigroup 
generated by L (see Proposition 3.4 below), we also give a direct proof of the 
atomic decomposition for all / G H},^{Q) in Proposition 3.5 below, which 
answers the question asked by Duong and Yan [17, p. 485, Remarks (iii)] in 
the case that p = 1. 

To state the main result of this paper, we first recall some necessary 
notions. Throughout the whole paper, we always assume that fi is a strongly 
Lipschitz domain of M"; namely, fi is a proper open connected set in M" 
whose boundary is a finite union of parts of rotated graphs of Lipschitz 
maps, at most one of these parts possibly unbounded. It is well known 
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that strongly Lipschitz domains include special Lipschitz domains, bounded 
Lipschitz domains and exterior domains; see, for example, [4, 6] for their 
definitions and properties. 

Throughout the whole paper, for the sake of convenience, we choose the 
norm on M" to be the supremum norm; namely, for any 

X = {xi, X2, ■■■ , Xn) G M", \x\ := max{|a;i|, ■ ■ ■ , |a;„|}, 

for which balls determined by this norm are cubes associated with the usual 
Euclidean norm with sides parallel to the axes. 

Remark 1.1. Let ^2 be a strongly Lipschitz domain of R"^. Then il is a space 
of homogeneous type in the sense of Coifman and Weiss [14]. Furthermore, 
as a space of homogeneous type, the collection of all balls of Q is given by 
the set 

{QnQ : cube Q cMP satisfying xq e Q and 1{Q) < 2diam(fi)} , 

where xq denotes the center oi Q, 1{Q) the sidelength of Q and diam(i7) the 
diameter of Q, namely, 

diam(f2) := sup{|a; — y\ : x, y E Q}; 

see, for example, [4]. 

Motivated by [10], we introduce the Orlicz-Hardy space iJ$,r(^) as fol- 
lows. We first recall the definition of the Orlicz-Hardy space if<j>(R") intro- 
duced by Viviani [50]. Let iS(M"') denote the space of all Schwartz functions 
with the classical topology and 5'(M"') its topological dual with the weak 
*-topology. For all / G 5'(]R"), let G{f) denote its grand maximal function; 
see [47, p. 90]. 

Definition 1.1. Let $ be a function of type {po,pi), where < po < pi < 1 
(see Section 2.2 below for the definition of type {po,Pi))- Define 

i7$(M") := (/ e 5'(M") : / Hg{f){x)) dx < ooj 

and 

||/||H,(Mn) := inf |a e (0, oo) : jT^ $ (^^^) dx < 1 

In what follows, let V{Q) denote the space of all infinitely differentiahle 
functions with compact support in Vt endowed with the inductive topology, 
and V^VL) its topological dual with the weak *-topology which is called the 
space of distributions on Vt. 
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Definition 1.2. Let $ be as in Definition 1.1 and Q a subdomain in M". A 
distribution / on fi is said to be in the Orlicz-Hardy space if$,r(^) if / is 
tlie restriction to fi of a distribution F in H^(R"'); namely, 

H^^ri^) : = {/ G V'{Q) : tliere exists an F G H^{W) sucli that F\n = /} 
= H^{W)/{F e H^{W) : F = OonQ}. 

Moreover, for all / G i/$,r(^), the quasi-norm of / in iJ$^j,(^) is defined by 

||/||H,,.(n) := inf {||F||^,(Mn) : F G i7$(M") and F^ = /} , 

where the infimum is taken over all F G H^(R"') satisfying F = f on Q. 

Remark 1.2. Let p G (0, 1]. When <l>(t) := t^ for all t G (0, oo), the space 
H<s>^r{^) was introduced by Chang, Krantz and Stein [10]. In this case, 
we denote the Orlicz-Hardy spaces if$(]R"') and if$,r(^), respectively, by 
HP{W) and HP{n). 

We now describe the divergence form elliptic operators considered in this 
paper and the most typical example is the Laplace operator on the Lipschitz 
domain of M" with the Dirichlet boundary condition. If fi is a strongly 
Lipschitz domain of M", we denote by W^''^{Q) the usual Sobolev space on 
fi equipped with the norm 



(ll/lli.(f.) + liv/iii. 



^1/2 



where V/ denotes the distributional gradient of /. In what follows, Wq' {Q) 
stands for the closure of C^{Q) in W^''^{Q), where C^i^fi) denotes the set 
of all C°^(]R"') functions on Q with compact support. 
li A : M" — )■ M„(C) is a measurable function, define 

||A||oo := esssup \A{x)^-Ti\, 
xeR",\(\=\i]\=i 

where M„(C) denotes the set of allnxn complex-valued matrixes, C,, 1] ^ C^ 
and fj denotes the conjugate vector of rj. For all 6 E (0,1], denote by A{6) the 
class of all measurable functions A : M" — )■ M„(C) satisfying the ellipticity 
condition; namely, for all a; G M" and ,^ G C", 

(1.1) PIU < S~' and ^{A{xK ■ > m', 

where and in what follows, ^{A{x)^ ■ C,) denotes the real part of A{x)^ ■ ^. 
Denote by A the union of all A{6) for 6 G (0, 1]. 
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When A E A and K is a closed subspace ofW^''^{Q) containing Wq' (Q), 
denote by L the maximal-accretive operator (see [42, p. 23, Definition 1.46] 
for the definition) on L'^{Q) with largest domain D{L) C V such that for all 
/ e D{L) and geV, 



(1.2) {Lf, g) = / A{x)Wf{x) ■ Wg{x) dx, 

Jn 

where (■, ■) denotes the interior product in L^{Q). In this sense, for all 
/ G D{L), we write 

(1.3) Lf := -div(AV/). 

We recall the following Dirichlet and Neumann boundary conditions of L 
from [4, p. 152]. 

Definition 1.3. Let Q he a strongly Lipschitz domain and L as in (1.3). 
The operator L is called to satisfy the Dirichlet boundary condition (for 
simplicity, DBC) if V := Wq' {Q) and the Neumann boundary condition 
(for simplicity, NBC) if V' := W^''^{n). 

Let fi be a strongly Lipschitz domain of M". Recall that for an Orlicz 
function $ on (0, oo), a measurable function / on i7 is called to be in the 
space L*(r2) ii J^^{\f{x)\) dx < oo. Moreover, for any / G L*(r2), define 



L*{n) 



:=inf|AG(0,oo): f ^ 0-^^^ dx < l\ 



If p G (0, 1] and $(t) := t^ for all t G (0, cx)), we then denote L*(fi) simply 
by LP{n). 

Definition 1.4. Let $ satisfy Assumption (A) (see Section 2.2 for the def- 
inition of Assumption (A)), fi be a strongly Lipschitz domain of M" and L 
as in (1.3). For all / G ^^(fi) and x e ^, let 

^f,if)ix) := sup e-''\f)iy) 

j/en,te(0,2diam(r2)), \y-x\<t 

A function / G L^{Q) is said to be in H^j^^{Q) ii Afh{f) G L'^{Q); moreover, 
define 

:^mf{AG(0,oo):/^$(^^)..<l 

The Orlicz-Hardy space Hq,^j^^{Q) is defined to be the completion of the 
space H^^j^^{Q) in the quasi- norm || ■ \\h^ j^ (n). 
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Remark 1.3. (i) Since $ is of strictly lower type p<j> (see (2.4) for its defi- 
nition), we have that for all /i, /2 G H<i,^Xi^{Q), 

ll.^l + f^fHi,,^f,{n) ^ ll/lllH*,,^jn) + ll/2llH*,,^jn)- 

(ii) From the theorem of completion of Yosida [54, p. 56], it follows that 
H<s>,j\f^{fi) is dense in Hq>^j\f^{Q); namely, for any / G H<^^j\f^{Q), there exists 
a Cauchy sequence {fk}'kLi '^ H<^^j\f^{Q) such that 

^l™^ll/fc-/llH„.^jn) = 0. 

Moreover, if {fk}kLi is a Cauchy sequence in H^j^^{Q), then there exists a 
uniquely / G H,^^j^^{Q) such that 

lim Wfk- f\\H^,,^(n) = 0. 

In what follows, Q{x, t) denotes the closed cube o/R" centered at x and of 
the sidelength t with sides parallel to the axes. Similarly, given Q := Q{x,t) 
and A G (0, oo), we write XQ for the X-dilated cube, which is the cube with 
the same center x and with sidelength At. For any / G L'^{Q) and x G fi, the 
Lusin area functions Sh and Sh associated with {e^* ^}t>o are respectively 
defined by 



S,{f){x) := { I t^Le-^'^Um' ^^^' 



and 



5,(/)(x) := <j / tVe-^'^Um 



t\Q{x,t) nf]| 

2 dydt ^^/^ 

t\Q{x,t)f\VL\ 



where T{x) is the cone defined by 

r(a;) := {(y, t) G fi x (0, 2diam(n)) : \y - x\ < t}. 

Definition 1.5. Let $ satisfy Assumption (A), f] be a strongly Lipschitz 
domain of M" and L as in (1.3). Assume that L satisfies DBC and the 
semigroup generated by L has the Gaussian property (G'diam(n))- A function 
/ G L2(fi) is said to be in H^^sS^) if Sh{f) G L*(fi). Recall that 

(1.4) ||5,(/)|U*(^):=inf|AG(0,oo): ^ $ (^^M^^ rf^; < i| . 

Furthermore, define 

lw*,Sft(^) •= ll'S'/i(/)||L*(n)- 
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The Orlicz-Hardy space Hq>^ Sh (^) is defined to be the completion of Hq>^ Sh (^) 
in the quasi-norm || ■ Wn^g^^^n)- 

If Q is bounded, a function / G L^{Q) is said to be in H^Sh,dn{^) if 
Sh{f) G L*(i7); moreover, define 



;i.5) 



ni^/.(/)llL*(n) + inf|AG(0,oo): $ J ^JJ^^^^^^M ) <i 



where and in what follows, d^ := 2diam(n) and ||>S'/i(/)||i-i.(f^) is as in (1.4). 
The Orlicz-Hardy space Hii,^Sh,dni^) i^ defined to be the completion of the 
space H^^Sh,diA^) in the quasi-norm || ■ \\H^^Sh,d,,m- 

The Orlicz-Hardy spaces H^ ^ (Q) and H^ ^ ^ (Q) when Q is bounded 
are defined via replacing Sh, respectively, in the definitions of iJ#,5^(r2) and 

Hq>^Sn,dni^) by Sh- 

If Q is bounded, by \Q\ < oo, we know that L'^{Q) C L^{Q), which, 
together with the Gaussian property (Gdiam(n)) and Fubini's theorem, im- 
plies that for all / G L^iil), e~^'^^{f) G L^iil). Thus, if / G L^iil) and 
Shif) G L*(f]), then \\f\\H^^s^^,^(n) and ll/lk,,_s^ ,^{n) make sense. 

In what follows, we denote by fi the complement of Vt in M". The main 
result of this paper is as follows. 

Theorem 1.1. Let $ satisfy Assumption (A) and L he as in (1.3). Let Vt 

n 

he a strongly Lipschitz domain of M" such that Vt is unhounded. Assume 
that L satisfies DEC and the semigroup generated hy L has the Gaussian 
property (GdiamCf^))- 

(i) If Vt is unhounded, then the spaces H<^^r{Vi), H<^^j^^{Q), H^ ^ {Q) and 
H<s,^Sh{^) coincide with equivalent norms. 

(ii) If Q is hounded, then the spaces H^^ri^), H^j^^{Q), H^ ^ ^ (Q) and 
H^Sh,dii{^) coincide with equivalent norms. Moreover, if, in addition, 
n > 3 and (Goo) holds, then the spaces H^ ^ ^ (Q), H<^^Sh,dii{Vi), 
H^ ^ (Q) and iJ$^5^(i7) coincide with equivalent norms. 

We first point out that the coincidence between H<^^r{Vi) and iJ$^_^^(r2) 
of Theorem 1.1 when $(t) := t for all t G (0, oo) was already obtained by 
Auscher and Russ in [4, Proposition 19, Theorems 1 and 20]. 

We also remark that although a strongly Lipschitz domain can be regarded 
as a space of homogeneous type. Theorem 1.1 can not be deduce from a 
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general theory of Hardy spaces on spaces of homogeneous type, since its 
proof strongly depends on the geometrical property of strongly Lipschitz 
domains and the divergence structure of the considered operator L. 

The following chains of inequalities give the strategy of the proof of The- 
orem l.l(i). For all / G iJ$,r(fi) H L'^{Vt), we have 



(1-6) ||/||//4.,,(n) > II/I|//*,aaJ!^) ~ \\f\\H^,j^^{Q.) > ll/lk*,sjf^) ~ \\J llH4.,,(f7), 

where the implicit constants are independent of /. The proof of the first 
inequality in (1.6) is standard by applying the atomic decomposition of 
Hq,{W^) established by Viviani [50] and the relation between Hc^^.f.{VL) and 
HqyiMT')] see Proposition 3.1 below. We prove the second and the third in- 
equalities, respectively, in Propositions 3.2 and 3.3 below. We point out that 
Proposition 3.2 plays an important role in the proof of Theorem 1.1 and the 
key step in the proof of Proposition 3.2 is to establish a "good-A inequality" 
concerning Mh{f) and Sh{f)', see Lemma 3.5 below. To show the last in- 
equality of (1.6) in Proposition 3.4(i) below, for all / G iJ$^5^(r2)nL^(r2), we 
establish its atomic decomposition by using a Calderon reproducing formula 
on L'^{Q) associated with L (see (3.42) below), the atomic decomposition 
of functions in the tent space on fl, and the reflection technology related 
to Lipschitz domains on M" which was proved by Auscher and Russ in [4, 
p. 183] and plays a key role in the proof of Theorem 1.1 (see also Lemma 
3.9 below). But, this reflection technology was not necessary in the study 
of the Orhcz-Hardy space H<^^z{^) in [53] (see also [4]). 

Similarly to the proof of Theorem l.l(i), the following chains of inequali- 
ties give the strategy of the proof of Theorem l.l(ii), namely, we shall show 
that for all / G H^,ri^) n L\n), 

> llfll^ . .o^ > „, „^ 



H^,r{f^) ~ ll/l|//*,AAjn) ?C ll/ll^<i,,s.,do(^) 



> 



Hi, 



s,„d^{n) ^ ||/||//4.,,(f7), 



where the implicit constants are independent of /. In this case that Q is 
bounded, the Calderon reproducing formula (3.42) on L'^{Q) associated with 
L used in the proof of Theorem l.l(i) is never valid. Thus, instead of (3.42), 
we use a local Calderon reproducing formula on L^(f2) associated with L 
(see (3.72) below). Moreover, if Q is bounded, n > 3 and (Goo) holds, using 
the fact that the operator L~^ is bounded from Lp{Q) into L'^{Q) for some 
p, q (z (1, oo) satisfying 1 < p < g < oo and - — - = -, which can be proved 

p q n 

by a way similar to the proof of [1, p. 42, Proposition 5.3], we further show 
that the second term in (1.5) can be controlled by the Orlicz norm of the 
Lusin area function Sh{f), which implies the second part of Theorem l.l(ii). 
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Let $ satisfy Assumption (A), Q he a unbounded strongly Lipschitz do- 
main of M", and L an elliptic second-order divergence operator on L'^[fi) sat- 
isfying the Neumann boundary condition and the Gaussian property (Goo)- 
As mentioned above, the Orlicz-Hardy space if$ ^(ri) was introduced in 
[53] and its several equivalent characterizations, including the nontangen- 
tial maximal function characterization and the Lusin area function char- 
acterization associated with {e~*^^}t>o, the vertical and the nontangential 
maximal function characterizations associated with {e~*^}t>o, and the Lusin 
area function characterization associated with {e~*^}j>o, were also obtained 
therein. 

For all / G L'^{^) and x e ^, let 



Sp{f){x) := { I td,e-'^{f){y)" ^^ ^' 

T{x) 



1/2 



where 
Let 



Hs 



t\Q{x,t)nn\ 

T{x) := {{y,t) enx (0, cx)) : \x - y\ < t}. 
liQ) := {/ e L\Q) : ||/||H^^(n) := \\Sp{f)\\LHn) < oo 



The Hardy space Hg^ (Q) is defined to be the completion of Hg^ (Q) in the 
norm || ■ \\jji (q). By applying the method used in the proof of Proposition 



3.4(i) below, we also give a direct proof for the atomic decomposition of 
elements in Hg^{Q) in Proposition 3.5 below, which gives an answer to the 
question asked by Duong and Yan [17, p. 485, Remarks (iii)] in the case that 
p = 1. (We point out that the Lusin area function Sp was also given in [4, 
p. 154] via replaced \Q{x, t)r\Q\ by t". This may be problematic in obtaining 
some estimates, like the estimate in line 1 from the bottom of [4, p. 164], by 
regarding fi as a space of homogeneous type when Q is bounded.) 

The layout of this paper is as follows. In Section 2, we first recall some 
properties of the divergence form elliptic operator L on M" or a strongly 
Lipschitz domain Q, and then describe some basic assumptions on L; then 
we describe some basic assumptions on Orlicz functions and present some 
properties of these functions. In Section 3, we give the proof of Theorem 
1.1. 

Finally we make some conventions on notation. Throughout the whole 
paper, L always denotes the second order divergence form elliptic operator 
as in (1.3). We denote by C a positive constant which is independent of the 
main parameters, but it may vary from line to line. We also use C(7, /?, ■ ■ ■ ) 
to denote a positive constant depending on the indicated parameters 7, (3, 
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■ ■ ■ . The symbol A< B means that A < CB. li A < B and B < A, then 
we write A ~ 5. The symbol [sj for s G M denotes the maximal integer not 
more than s; Q{x,t) denotes a closed cube in M" with center a; G M" and 
sidelength 1{Q) := t and 

CQ{x,t) ■.= Q{x,Ct). 

For any given normed spaces A and B with the corresponding norms || ■ m 
and \\-\\b, a C S means that for all / G A, then/ G i3 and ||/||6 < ||/|U. For 
any subset G of M", we denote by G the set M" \ G; for a measurable set i?, 
denote by xe the characteristic function of -E. We also set N := {1, 2, ■ ■ ■ } 
and Z+ := N U {0}. For any 9 := {Oi, . . . ,9^) E Z^, let 

1^1 := 9i + ■ ■ ■ + 9n 

and 



9a;^^ • ■ ■ (9x5^" 
For any sets E, F C M" and ^ G M", let 



and 



dist (-E, -F) := inf la; — yl 



dist (z, E) := inf Ix — zl. 

x&E 



2. Preliminaries 

In Subsection 2.1, we first recall some properties of the divergence form 
elliptic operator L on R" or a strongly Lipschitz domain Q, and then describe 
some basic assumptions on L; in Subsection 2.2, we describe some basic 
assumptions of Orlicz functions and then present some properties of these 
functions. 

2.1. The divergence form elliptic operator L 

Let L be as in (1.3). Then L generates a semigroup {e~*^}f>o of operators 
that is analytic (namely, it has an extension to a complex half cone |argz| < fi 
for some fi G (0,7r/2)) and contracting on L'^{Q) (namely, for all / G L'^{Q) 
and t G (0, cx)), ||e"*^/||L2(Q) < ||/||L2(n)); see, for example, [42] for the 
details. Also, L has a unique maximal accretive square root \/L such that 
^ generates an analytic and L^(r2)-contracting semigroup {Pt}t>o with 
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Pt := e~*^^, the Poisson semigroup for L; see, for example, [32] for the 
details. 

Now we recall the Gaussian property of {e~*^}t>o introduced by Auscher 
and Russ [4, Definition 3] on a strongly Lipschitz domain; see also [5, 6]. 

Definition 2.1. Let f2 be a strongly Lipschitz domain of M" and L as in 
(1.3). Let P G (0, cxo]. The semigroup generated by L is called to have the 
Gaussian property (G/?), if the following (i) and (ii) hold: 

(i) The kernel of e"*"^, denoted by Kt-, is a measurable function on fi x ^2 
and there exist positive constants C and a such that for all t G (0, /3) 
and all x, y &Vl, 

(2.1) \Ux,y)\<§r,e'-'^- 

(ii) For all a; G r2 and t G (0, /3), the functions y i— )■ -ft't(x, y) and 

y ^ Ktiy,x) 

are Holder continuous in Q and there exist positive constants C and 
/i G (0, 1] such that for all t G (0, /3) and x, yi, y2 & ^, 

(2.2) |ir,(x,yi)-i^,(a:,t/2)| + |i^t(l/i,a;)-iri(|/2,a:)|<^^i^=|^. 

Remark 2.1. (i) The assumption (Goo) is always satisfied if L is the Lapla- 
cian or real symmetric operators (under DEC or NBC) on R" or on Lipschitz 
domains except under NBC with Q bounded; see, for example, [6]. 

(ii) The assumption (Goo) implies that for all /3 G (0,oo), (G^) holds. If 
/3 is finite, by [4, p. 178, Lemma A.l] and the property of semigroups, we 
know that (G/3) and (Gi) are equivalent. 

The following well-known fact is a simple corollary of the analyticity of 
the semigroup {e'^^}t>o- We omit the details. 

Lemma 2.1. Let (5 G (0, 00]. Assume that L has the Gaussian property 
(G/3). Then the estimate (2.1) also holds for tdtKt. 

2.2. Orlicz functions 

Let $ be a positive function on ]R_|_ := (0,oo). The function $ is said to 
be of upper type p (resp. lower type p) for some p G [0, 00), if there exists 
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a positive constant C such that for all t G [l,oo) (resp. t G (0,1]) and 
s G (0, oo), 

(2.3) $(st) < CtP<^{s). 
Obviously, if $ is of lower type p for some p G (0, oo), then 

lim $(t) = 0. 

t->o+ 

Thus, for the sake of convenience, if it is necessary, we may assume that 
$(0) =0. If <l> is of both upper type pi and lower type po, then $ is said to 
be of type {po, pi). The function $ is said to be of strictly lower type p if for 
all t G (0,1) and s G (0,oo), 

$(st) < t*'$(s), 

and we define 

(2.4) p^ := sup {p G (0, oo) : $(st) < t*'$(s) 

holds for all t G (0, 1) and s G (0, oo)}. 

In what follows, p$ is called the strictly critical lower type index of $. We 
point out that if p<i> is defined as in (2.4), then $ is also of strictly lower type 
J9$; see [29] for the proof. 

Throughout the whole paper, we always assume that $ satisfies the fol- 
lowing assumptions. 

Assumption (A). Let fi be as in (2.2), and $ a positive function defined 
on M+ which is of upper type 1 and strictly critical lower type p$ G (^^, 1]- 
Also assume that $ is continuous, strictly increasing and subadditive. 

Let p G (^, 1] and ^(t) := t^ or <I)(t) := tPln(e^ + t) for all t G (0, oo). 
Then <l> satisfies Assumption (A) with p$ = p; see [29, 35] for some other 
examples. 

Notice that if $ satisfies Assumption (A), then $(0) = 0. For any positive 
function $ of upper type 1 and pj G (;^, 1], if we set 






for all t G [0, oo), then by [50, Proposition 3.1], $ is equivalent to $; namely, 
there exists a positive constant C such that 

c-^^t) < $(t) < C$(t) 
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for all t G [0,00); moreover, $ is a strictly increasing, subadditive and 
continuous function of upper type 1 and strictly critical lower type 



p<i.=p^e 



n 



1 



n + /i 

Notice that all our results are invariant on equivalent functions satisfying 
Assumption (A). From this, we deduce that all results with $ as in Assump- 
tion (A) also hold for all positive functions $ of type 1 and strictly critical 
lower type P5 e (^,1]. 

Since $ is strictly increasing, we define the function p{t) on M+ by setting, 
for all t e (0,00), 



(2.5) 



p{t) :- 



f-i 



$-i(t-i)' 

where <l>~^ is the inverse function of $. Then the types of $ and p have the 
following relation: If < Po ^ Pi ^ ^ (ind $ is an increasing function, then 
$ is of type {po,Pi) if and only if p is of type {p^^ — 1,Pq^ — 1); see [50] for 
its proof. 



3. Proof of Theorem 1.1 



In this section, we present the proof of Theorem 1.1. To this end, we need 
some auxiliary area functions as follows. Recall that dn := 2diam(r2). Let 
a e (0, 00), e, R e (0, dn) and e < R. For all given / G L'^{il) and x E il, 
let 

2 dydt ^^/^ 



SUf)ix) :-- 



To.{x) 



tve-* 'um 



and 



S 



h 



{f){^) ■■- 



r^'^'W 



tVe-*'^ 



{f){y) 



t\Q{x,t) nVL\ 

2 dydt 

t\Q{x,t)f\VL\ 



1/2 



where and in what follows, for all x E Vt, Ta{x) and r^'^(x) are the cone 
and the truncated cone, respectively, defined by 



Ta{x) := {{y,t) eflx (0, d^) : \y - x\ < at} 



and 



r^"(a^) ■= {{y,t)enx (e, R) -. \y-x\< at} 



for a G (0, 00) and < e < i? < rfn- When a = I, denote Sj^{f), ^^'^'"(/) 
andTa{x) simply, respectively, by Sh{f), S^^ (/) andT{x). 

To show Theorem 1.1, we first establish the following Proposition 3.1. 
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Proposition 3.1. Let $ satisfy Assumption (A), Q be a strongly Lipschitz 
domain o/M" and L as in (1.3). Assume that the semigroup generated by L 
has the Gaussian property (G'diam(n)). Then under DBC, 

and there exists a positive constant C such that for all f G H^,.{^) r\L'^{Q), 



To show Proposition 3.1, we need tlie atomic decomposition character- 
ization of the Orhcz-Hardy space if$(R"^) estabhshed by Viviani in [50]. 
To state this, we begin with the notions of (p, q, s)-atoms and the atomic 
Orhcz-Hardy space i7^''?'"(M"). 

Definition 3.1. Let $ be as in Definition 1.1 and p as in (2.5), q G (0, oo] 

and s G Z_(_. A function a is called a (p, q, s)-atom if 

(i) supp a G Q, where Q is a closed cube of M"; 



(iii) for aU (3 := (/3i, (32, ■ ■ ■ , /?„) G Z^ with \f3\ < s, 

a{x)x'^ dx = 0. 



Obviously, when $(t) := t for all t G (0, oo), the (p, q, s)-atom is just the 
classical (1, q, s)-atom; see, for example, [47]. 

Definition 3.2. Let po be as in Definition 1.1 and $, q and p as in Definition 
3.1, and 

s:= Ln(l/po-l)J. 

The atomic Orlicz-Hardy space //^'''•'^(R") is defined to be the space of all 
distributions / G iS'(M") that can be written as / = ^ • bj in iS'(M"), where 
{bj}j is a sequence of constant multiples of (p, q, s)-atoms, with the constant 
depending on j, such that for each j, supp bj C Qj and 



Ei^^i*^ 



^ ^ ' < OO. 



Define 

A,({6,},):=inf|AG(0,oo): 5^|g,|$(J 



^j||l9(IR") 

MOW 



< I 
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and 



\hp'1'^{R") '■= inf{Aq({6j}j)}, 
where the infimum is taken over all decompositions of / as above. 

The (p, q, s)-atom and the atomic Orlicz-Hardy space H''''^' 
introduced by Viviani [50], in which the following Lemma 3.1 was also ob- 
tained (see [50, Theorem 2.1]). 

Lemma 3.1. Let po be as in Definition 1.1 and $, q and p as in Definition 
3.1, and 

s:= Ln(l/po-l)J. 

Then the spaces Hi^iW^) and H^''^'^{W^) coincide with equivalent norms. 

Now we prove Proposition 3.1 by applying Lemma 3.1. 

Proof of Proposition 3.1. Let / G H^^r{^) nL^(fi). By the definition of 
Hq,r{^), we know that there exists / G Hq>{W^) such that /|f^ = / and 



(3.1) / 



H,(M")~ll^"^*-(^)- 



To show Proposition 3.1, we only need prove that for any constant mul- 
tiple of a (p, oo, 0)-atom b supported in the closed cube Qo := Q{xo,ro), 

(3.2) / $(AA46)(x)) dx < \Qo\<^ (||&||loo(m.)) . 



Indeed, for / G if$(R"'), by Lemma 3.1, there exists a sequence {bi}i of 
constant multiples of (p, oo, 0)-atoms, with the constant depending on i, 
such that J =Y.i^i in S\W) and 

Aoo({&i}i) ~ ii7iIh„(M")- 

Moreover, by the proof of [50, Theorem 2.1] and (2.15) in [36, Lemma (2.9)], 
we know that the supports of {bi}i are of finite intersection property. By 
this, / G L\n), f = Y.ih in S'{W) and J\^^ = /, we obtain that f = Y.ih 
almost everywhere on f2, which further implies that 

Jn ■ Jn 

From this, we deduce that for all x & Q, 

A4(/)(:r) < 5^Ar,(6,)(x). 
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By this and the fact that $ is strictly increasing, continuous and subadditive, 
if (3.2) holds, we then have 

$ {^h{f){x)) dx<J2 [ "^ {^h{h){x)) dx<J2 \Q^\'^ ilML^iRr.)) , 



where for each i, suppfej C Qi. This, together with the facts that for all 
A e (0,00), 

Ar,(//A)=A4(/)/A 

and for each i, 

||&j/A||l°°(K") = ||&i||L°°(R")/A, 

implies that for all A G (0, 00), 
By this and (3.1), we obtain that 



which, together with the arbitrariness of / G H<j,^r{^) H L'^{Q), implies the 
conclusions of Proposition 3.1. 

It is easy to see that for all a; G ^2, 

(3.3) e-*'^(6)(x) = / K,2{x,y)biy)dy. 

JQonn 

Now we show (3.2) by considering the following three cases for Qq. 

Case 1) Qo r\Q = ^. In this case, by (3.3), we know that for all x E Q, 
Mh(h){x) = 0. From this, it follows that (3.2) holds. 

Case 2) Qq C VL. In this case, let Qq := SQo- Then we have 



(3.4) / ^Mh{b){x)) dx = / ^Nh{h){x)) dx+ . . . =: Ii + I2. 

JVL JQonn J(Qo)^nn 

We first estimate Ii. For any x G Qq, by (3.3) and (2.1), we have 



■f^h{b){x) < sup / \Kt2{y,z)\\b{z)\dz<\\b\\Lo^(^K«), 

yen, te{o,dn), \x-y\<t Jn 

which, together with the upper type 1 property of $, implies that 

(3.5) Ii< / $(||6|U-(M"))c?X<|go|$(||&||L-(Mn)). 

JQo 
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Now we estimate I2. Let x E (Qo) H f2, t G (0,6?^) and y E Vl satisfy 
|a; — yl < t. By the moment condition of b and (3.3), we have 

(3.6) e-'"\b){y)= [ [KAy,z) - Kt2{y,xomz) dz. 

JQo 

Since p$ E (;^, 1], there exists Jl E (0,/i) such that p$ > ^^. Now we 

estimate e~* ^{b){y) by considering the following two cases for t. 
{i) t < ^\x — Xo\. In this case, let z E Qq. Then 

1, 

F ~ ^o| < \x — y\ + \y — xo\ < tf — xo\ + \y — xo\, 

which deduces that |a; — xqI < ^\y — xq\. Moreover, 

1 2^ ^ 2:0 1 > 4ro > 4|z — a;o|. 

Thus, we have 

\y — Xo\ > -\x — Xo\ > o\z — Xo\, 

which implies that 

, , 2, ,1, 

(3.7) \y- z\>\y - xo\ -\z- xq\ > -\y - xo| > -|a; - a;o|. 

Thus, by (3.7), (2.1) and (2.2), we obtain 

\Kt2{y,z) - Kt2{y,Xo)\ < ^, 

\x — Xo\ ^^ 

which, together with (3.6), implies that 

|a;-a;o|"+^ 
(ii) t > Mx — Xo\. In this case, by (2.2), we obtain 



(3.8) e-'^^my) 



<^JL 



^^ . . -^ \\U\\ T.ocfTan^ 



\Kt2[y,z)-Kt2[y,XQ)\ < < < 



which, together with (3.6), implies that (3.8) also holds in this case. 

By the estimates obtained in (i) and (ii), and the arbitrariness oi y E Q 
satisfying \x — y\ < t, we obtain that 



^fkm^) < 1 — - 



I n 



X — XQ\"'~^f^ 



roo/ian\ 
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which, together with the lower type p$ property of $ and p$ > ^^, imphes 



that 






oo 



Thus, by (3.4), (3.5) and (3.9), we know that (3.2) holds in this case. 

Case 3) Qq fl dQ ^ 0. In this case, recall that for any x E Q, t E {0, oo) 
and y G dQ, Kt{x,y) = (see, for example, [4, p. 156]). Take yo ^ Qo H "9^2. 
Then we have that for any x E Q and t G (0,(in), Kt2[x,yo) = 0, which 
further implies that for any x E Q, 

e-'"\b){x)= [ [Kt2{x,y)-Kt2{x,yomy)dy. 
jQonn 

The remaining estimates are similar to those of Case 2). We omit the details, 
which completes the proof of Proposition 3.1. ■ 

To show Theorem 1.1, we need the following key proposition. 

Proposition 3.2. Let $, Q and L be as in Proposition 3.1. Then under 
DEC, there exists a positive constant C such that for all f E Hq> j^^ {Vt) fl 

L2(n), 

To show Proposition 3.2, we need the following Lemmas 3.2 through 3.7. 

Lemma 3.2. Let Q be a strongly Lipschitz domain of MP and L as in (1.3), 
and 

Ir{xo, to) := {Q{xo, r)nQ) X [to - cr^, to], 

where {xQ,to) G fi x [Acr"^, oo), r G (0, oo) and c is a positive constant. If 

dtUt = -Lut 

in l2r{xo,to), then there exists a positive constant C, depending only on Vt, 
c and S in (1.1), such that 

(3.10) / \Vut{x)\'^dxdt<— I \ut{x)\^dxdt. 

Lemma 3.2 is usually called the Caccioppoli inequality, whose proof is 
similar to that of [33, Lemma 3(a)]. We omit the details. 
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Remark 3.1. Let fl, L, xq, to, r, c and ut be as in Lemma 3.1 but with 
tg £ (4cr^,oo). Then by making the change of variables in (3.10), we see 
that 



[" f 

Jy/q^cr^ jQ(xQ,r 



t\Vut2(x)\'^ dxdt 



1 



to 



^ -'^t2-4cr2 jQ{xo,2r)r\n 



<^ / / t\ut2(x)\ dxdt. 



In [4, p. 183], Auscher and Russ proved the following geometric property 
of strongly Lipschitz domains, which plays an important role in this paper. 

Lemma 3.3. Let Q be a strongly Lipschitz domain o/M"". Then there exists 
a constant C G (0, 1] such that for all cubes Q centered in VL with 1{Q) e 

(0, oo)n(o, rff,], \Qr\n\ >c\Q\. 

In what follows, we denote by -B((z, r),r) the ball in M" x (0, oo) with 
center {z, r) and radius r; namely, 

B{{z,T),r) := {{x,t) eW x (0, oo) : max{\x - z\, \t - t\) <r}. 

Lemma 3.4. Let Q be a strongly Lipschitz domain o/M", a; G (0, 1), e, i? G 
(0, dn) and e < R. Then there exists a positive constant C , depending only 
on a, VL and n, such that for all f G L'^{VL) and x eVL, 

(3.11) ^^•'''"(/)(:r) < C[l + ln(i?/6)]VW.(/)(x). 

Proof. Fix a G (0, 1), < e < i? < (in and x ^ Vt. Let / G L^(fi) and for 
all t G (0,rfn), Ut := e'^^^if). For all {z,t) G r^'^(x), let 

E^,^^y.= B{{z,r),-fT) n {n X {0,dn)), 

where 7 G (0, 1) is a positive constant which is determined later. By 
the Besicovitch covering lemma, there exists a subcoUection {E(^z ,t)}j of 
{^{^,r)}(.,r)er^-«(x) such that 

(3.12) r^^(a:) C |J^(-..-.) ^nd $^Xi?(, ... < M, 



where M is a positive integer depending only on n. For each j, we denote 
E(z-,T-) simply by Ej. Then we have the following two facts for Ej-. 

(i) For each j, if {y,t) G Ej, then t r^ tj r^ dj, where dj denotes the 
distance from Ej to the bottom boundary Q x {0}. 
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Indeed, if {y,t) G Ej, we then have 

(l-7)r,-<t<(l + 7)r„ 
which imphes that t r^ Tj. By dj = {1 — 'y)Tj, we obtain that 

Thus, t r^ dj. 

(ii) For each j , let 

Ej := B{{zj,T,),9-fTj) n{Qx {0,dn)). 

//7 G (0, ijf ), then Ej C T'/^'^^{x). 

Indeed, for all {y,t) G Ej, since {zj,Tj) G r^^(x), we have that 

\y- Zj\ < 9-fTj 

and \x — Zj\ < aTj. From this, it follows that 

(3.13) \x — y\ < \x — Zj\ + \zj — y\< (97 + ol)tj- 

Moreover, by |t — rj| < 9^Tj, we know that 

(l-97)r, <t<(l + 97)r„ 

which implies that Tj < jrg- if 7 G (0, 1/9). From this and (3.13), it follows 
that |a; — yl < jz^'^- Thus, to make that Ej C r(a;), it suffices to choose 
7 G (0, ^^]- Furthermore, by the facts that for any j and {y,t) G Ej, 

(l-97)r, <t<(l + 97)r„ 

and e < Tj < R, to make that t G (e/2,2i?), it suffices to take 7 G (0, ^). 
Thus, if we choose 7 G (0, ^j^], we then have that for each j, Ej C T^^'^''^^{x). 
Now we show (3.11). By the fact that R G (0,^^) and Lemma 3.3, we 
know that for all t G (e, R), 

\Q{x,t)r\n\ ~r. 



From this, (3.12), the above two facts (i) and (ii), and Remark 3.1 (in 

which, if Tj G (e, jr-], we choose to •= (1 + l)'^j^ "^ '■= l^j ^^^ c := -, and 
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if Tj G {jf^, dn), we then choose to := dn, r := ^Tj and c := ^(^^^)2 , 

i\\ H fr,11r,wc 

81' 18 

^dydt 



and in 



both cases, we need choose 7 G (0,min{^, \^}), it follows that 



S 



e, i?, a 



(/)W 



r^'-^W 



< 



< 



< 



E 



mm{(l+7)rj,df2} 



J ~'(1-7)tj JQ(23,7rj)nf7 



. rill 

t\^ut{y)\ 



2dydt 



t" 






< 



< 



2R 



e/2 



t^mf)i-)y 



Xq(o,i) 






rfyU-('^+i)rft[A4(/)(a;)]' 



~[l + ln(i?/6)][A4(/)(x)]% 
which implies that 

Thus, (3.11) holds, which completes the proof of Lemma 3.4. ■ 

Lemma 3.5. Let Q be a strongly Lipschitz domain ofM."' and L as in (1.3), 
and dfi := 2diam(r2) . Then there exists a positive constant C such that for all 
7 G (0,1], A G (0,00), e, Re iO,dQ) with e < R and f e H^^^f^{n)nL'^{n), 



(3.14) 



xeVt: S] 



e,R,l/20 



{f){x)>2X,Ar,{f){x)<^x]\ 



<C7' 



X G fi : S] 



t,R, 1/2 

h 



{f){x) > A 



We point out that in the proof of Proposition 3.2, Lemma 3.5 plays a 
key role. The inequality (3.14) is usually called the "good-\ inequality" 
concerning the maximal function Mh{f) and the truncated area functions 
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Proof of Lemma 3.5. To prove this lemma, we borrow some ideas from 

[3] and [4]. 

Fix < e < i? < rf^, 7 e (0, 1] and A G (0, oo). Let / G H^^j^^{n)r]L^{n) 
and 



It is easy to show that O is an open subset of Q. 

Now we show (3.14) by considering the following two cases for O. 
Case 1) O ^ Q. In this case, let 

(3.15) o = \JiQknn) 



be the Whitney decomposition of O, where {Qk}k are dyadic cubes of M" 
with disjoint interiors and {2Qk) ClQ G O G Q, but 

((4Qfc) n f]) n (f] \ O) ^ 0. 

To show (3.14), by (3.15) and the disjoint property of {Qk}k, it suffices to 
show that for all k, 

(3.16) \[xeQknn: ^^•^•'/'°(/)(a;)>2A,Ar,(/)(x)<7A 

<i'\QknQ\. 

From now on, we fix k and denote by Ik the sidelength of Qk- 
If a; G Qfc n r2, then 

(3.17) ^r"^'°''='^^'''''/'°(/)(x)<A. 

Indeed, pick Xk G {4:Qk) H Q with Xk ^ O. For any {y,t) G Q x (0,^^), if 
\x — y\ < ^ and t > max{10/fc, e}, then 

I I / I II I ., ^ ^ 

\Xk -y\< \Xk -x\ + \x-y\<Alk + — < -, 

which implies that 

pmax{10/fc,e},i?/ \ pmax{10/fc, e}, R / n 

i j^^20 l-*-/ ^ -*- 1/2 \Xk)- 

By this, we obtain that 
Thus, the claim (3.17) holds. 
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If e > 10/fc, by (3.17), we see that (3.16) holds. If e < 10/^, to show (3.16), 
by the fact that 

and (3.17), it remains to show that 

(3.18) \{xeQkr\F: g{x) > \}\ < ^^\Qk D n\, 

where g := S'^' *' (/) and 

F:={xeQ: Mh{f)ix)<l^}- 
By Chebyshev's inequahty, we see that (3.18) is deduced from 

(3.19) / [gix)]'dx<i^Xf\Qknn\. 
JQknF 

Now we prove (3.19). It is easy to see that F is a closed subset of ^2. 
If e > 5/fc, then by the definitions of g and F and Lemma 3.4, we have 

[g{x)]'dx< [ [A4(/)(a:)]' rfx 
QknF JQknF 

<ii\y\QknF\<i^\y\Q,nni 

which shows (3.19) in this case. 

Assume from now on that e < 5/^. Let 

(3.20) G:=Uy,t)enx (e,min{10/fc, dn}) : ^y) < ^ 

where 

(3.21) ^(|/):= dist(t/,QfcnF). 
By the geometric properties of Q, we have 

(3.22) / [9{x)]'dx< I t\Vut{y)\^dydt. 

JQknF Jg 

Indeed, if Vt is unbounded, by Lemma 3.3, we know that for all a; G ^2 and 

t e (0,oo), 

\Q{x,t)nQ\ ~ \Q{x,t)\. 
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Thus, in this case, we have 

<yj^ {^t'-"XQ(o,i) (^^^^^^^^ rfxj |V«,(i/)|^ dydt 

< f t\Vut{y)f dydt. 
Jg 

That is, (3.22) holds in this case. If VL is bounded, we first assume that 
diani(r2) < 10/^. Then 

[g{x)fdx= [ I / \tVut{y)f —J^^^^—- } dx 

Q,nF '^ jQ,nF\Jr-;^;-^-\.) t\Q{x,t)nn\ ^ 

dx 



< I ^ I t'-'^XQio,!) ( ^^^^ ) dx \ \Vu,{y)f dydt 



r\j 



G (.Jn ^ ^ 



+ y" {7^^^X0(0,1) (^^^!^-A\ dx\ \Vut{y)f dydt 



< / t\Vutiy)f dydt, 
Jg 

which is desired. If Q is bounded and diam(r2) > 104, then 

< c'S:diam(f7),l/20/ ^N 

which, together with an argument similar to the above, shows that (3.22) 
also holds in this case. Thus, (3.22) is always true. 
Let 

E := < y E il : there exists t E (e, min{10/fc, dn}) such that ^{y) < 7^ f • 

Then E C 2Qk H Q. Indeed, ii y E E, then there exist t E (e, min{10/fc, d^}) 
such that {y, t) E G and x E Qk^F such that \x — y\ < ^. By t < 104, we 
have |a; - yl < ^ = ^, which implies that E C 2Qfc fl fi. 
Let 

G := |(i/,t) G 1] X Q,min{40/fc, rf^}) : ^(y) < t} . 
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Then for all {y, t) G G, 

(3.23) \ut{y)\<^\. 

Indeed, for any (y,t) G G, there exists x E Qk^ F such that \x — y\ < t 
with t G (|, min{40/fc, c^n}), which implies that (y,t) G r(x). Thus, by the 
definitions of F and Mhif)-, we have 

k(y)|<Ar,(/)(x)<7A. 

To finish the proof of Lemma 3.5, we need the following conclusion, which 
is just [53, Lemma 3.5]. 



Lemma 3.6. Let 



and 



D:=<i(l/,t)Gl^x(e,10/fe): ^(l/) < ^ 



Di := Uy,t) eQx (|,204) : ij{y) < ^| 



where ip is as in (3.21). Then there exists ( G C°°{Di) fl C{Di) satisfying 
thatO < C < 1; C = 1 on D, \VCiy,t)\ < \ for all {y,t) G Di, and 

suppCcDiUJSf^x (^|,204)}, 

where and in what follows, Di denotes the closure of Di in M"+^. 
Now we continue proving Lemma 3.5 by using Lemma 3.6. Let 

Gi := l{y,t)enx (|,min{20/fc, dn}) : ^y) < ^| 

and ( be as in Lemma 3.6. Let ( := CXnx(o,dnl- Then ( G C°°{Gi) fl C(Gi), 
< C < 1, C = 1 on G, \VC{y,t)\ < \ for all {y,t) G Gi, and 

supp C C Gi U {Sfi X (^|, min{204, rf^}) } . 

Recall that Ut := e^*'^(/) for all t G (0,^^). By < C < 1, C = 1 on G 
and (1.1), we have 

{3.2A) [ t\Vutiy)\^dydt< f t\Vut{y)W{y,t)dydt 
Jg Jgi 
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< r^3? / tA{y)Wut{y) ■ Wut{y)ay.t) dydt 

JGi 



where A{y) and 6 are as in (1.1). Let 



J:= / tA{y)Vut{y)-VC{y,t)ut{y)dydt. 

JGi 

For all t e (e/2, min{204, dn}) and all yen, let (tiv) ■= Ciy,t)- Then 
Ct e C°^{n). By [42, p. 23, (1.19)], we know that for all t E (0,^^), 

uteD{L)cW^'\n), 

which, together with (t G C°°{Q), implies that for all t G {0,dn), UtCt G 
l^o'^(fi). From this, (1.2) and the fact that 

dtUt + 2tLut = 

in L^(r2), it follows that 

(3.25) I = / tA{y)Vut{y) ■ Vl^dy, t) dy dt 

JGi 

tA{y)Vut{y)-V{utCt){y)dydt 

Gi 



tA{y)Vut{y)-VCt{y)ut{y)dydt 



Gi 



tLut{y){utCt){y) dydt- J 



Gi 



1 /• _ 1 

"2 / 9tUt{y){utC,t){y) dydt- J =: --Ii - J. 



For Ii, by the fact that 2^{{dtUt)ut) = dt\ut\'^ and integral by parts, we 
have that 

m, = l [ dt\ut{y)\'ay,t)dydt 

^ JGi 

= \\ I \ut{y)my,m{y,t)-{^, 0, ■■■ , l)da{y,t) 
\ut{y)\^dtC{y,t)dydt\ , 

Gi J 
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where dGi denotes the boundary of Gi, N{y,t) the unit normal vector out- 
ward Gi and da the surface measure over dGi. This, combined with (3.25), 
imphes that 

(3.26) m=-^mi-m 

= \{j \My)\%Ciy,t)dydt 



\ut{y)\\{y,t)N{y,t)-{0,0,---,l)d(T{y,t) 



dGi 



-^ U tA{y)Vut{y) ■ VCt{y)ut{y) dydtl . 

By suppC C Gi U {dQ x (|,min{20/fe, c?n})} and the fact that 

N{y,t) ■ {Or ■■, 0,1) = 
on dQ X (|,min{20/jfc, dn}), we obtain 



(3.27) / \utiy)\Xiy, t)Niy, t) ■ (0, ■ ■ ■ , 0, 1) daiy, t) = 0. 

JdGi 

From ( = 1 on G, we deduce that VC = on C Thus, by this, (3.26) and 
(3.27), we have 

(3.28) 3^1 = 1/ \ut{y)\%ay,t)dydt 

4 Jgi\G 



-^ / tA{y)Vut{y) ■ VCt{y)ut{y) dydt 

VJGi\G 

= -h + Is- 

First, we estimate I2. By Gi d G and (3.23), we obtain that for all 
{y,t) G Gi \ G, \ut{y)\ < 7A. Moreover, 

Gi\G 
= Uy,t) eQx (i,min{204, dn}) : ^ < ^{y) < ^| 

[jhy,t)eQx (i,min{204, rfo}) : ^{y) < ^, ^-^^4 
\JUy,t)enx (^|,min{204, rfn}) : ^{y) < ^, 104 < t < 20/fc| . 
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From these observations and the fact that for all {y,t) G Gi, 

1 



|vc(i/,t)|<^, 



we deduce that 



(3.29) 



'Gi\G 



< (7A)^ 



\ut{y)\'^\dtC{y,t)\dydt 



dydt 



'Gi\G 



'Hi 



t 



dt /•2°''= dt 



e/2 



t 



lOlk 



t 



10V(2/) ^ 



< {l>^f\Hi\ 



where 



Hi := \y E Gi : there exists t G ( -, min{20/fc, d^} 
such that (y, t) G Gi 



For all y G -f/^i, we know that there exists t G (|,min{20/fc, d^}) such that 
(|/,t) G Gi- From this and the definition of Gi, it follows that there exists 
x G Qfc n F such that \x — y\ < -^ with t G (|,min{204, rfn})- Thus, 
\x — y\ < 2lk, which implies that y G {5Qk) H Q. By this, we know that 
Hi C {5Qk) n r2, which together with (3.19) implies that 



(3.30) 



|I2|< / \u,{y)\'\dtay,t)\dydt<i^\r\Hi 

JGi\G 

<{iX)'\Qknn\. 



To estimate I3, by the facts that |VC(l/, t)\ ^ j for all {y, t) G Gi and that 
|wj(|/)| < 7A for all {y,t) G Gi, we have 



(3.31) |I3|</ \^ut{y)\\ut{y)\dydt<-i\ \Wut{y)\ dy dt. 

'Gi\G JGi\G 



Now, we need show 



(3.32) 



\Vut{y)\ dydt<j\\Qknn\. 



Gi\G 



For all {y, t) G (Gi \ G) and 5i G (0, 1), let 

E(^,t) :=5((y,t),5it)n(f]x {0,dn)) 
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and 

E^y^t) := B{{y, t), 95it) n (f] x (0, dn)). 

Take 5i small enough such that for all {y,t) G (Gi \ G), 
^{j/,t) C Uy,t)enx (^^,min{30/fc, rff^}) : — < i){y) < - \ 

|j|(i/,t)Gf]x (^l,min{304, rff,}) : V^(l/) < ^, ^ < t < 2e| 

U I (y, t) G fi X (^^, min{304, rf^}) : V^(l/) < ^, 54 < t < 304 1 
= :G'2. 

By the Besicovith covering lemma, there exists a sequence {£^(y.^t)}j of sets 
which are abounded covering of Gi\G. Let Ej := E^y.^t.) and Ej := E(^y.^t)- 
Notice that for all (y, t) E Ej,t ^^ tj ~ r{Ej), where r(i?j) denotes the radius 
of Ej. From this, Holder's inequality. Remark 3.1 (in which, if Tj G (e, j^], 
we choose tg := (1 + 6i)tj, r := 5iTj and c := ^, and if Tj- G (^^,6?^), we 
then choose to := rff^, r := ^iT^ and c := wj^j-^, and in both cases, we need 

6i G (0,2/81)) and the fact that for all j and {y,t) G Ej, \ut{y)\ < 7A, it 
follows that 

(3.33) / \^utiy)\ dydt 

Jgi\g 

J2 [ \^My)\ dydt 
^li^.f/^l^ \Vut{y)fdydt 
<J2\Ej\'^"[^iE,r'll^ \ut{y)\'dydt 

Jg 



< 



< 



1/2 



3 -'G, t 



<,,/./ ±.r^^r^^''. 



H2 \Je/5 t Juk ^ J'itPiy) ^ 



where 



H2:= \y E^ : there exists t E {-, 30/^) such that (y, t) G 6*2 ^ 
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Similarly to the estimate of Hi, we also have |-f^2| ^ |Qfcnr2|, which, together 
with (3.33), implies that (3.32) holds. Thus, by (3.31) and (3.32), we obtain 
that 

\h\<{i\f\Qknn\, 

which, together with (3.22), (3.28) and (3.30), implies that (3.19) holds. 
This finishes the proof of Lemma 3.5 in Case 1). 

Case 2) O = Q. In this case, we claim that Q is bounded. Otherwise, 
\Q\ = oo. Indeed, if Q is unbounded, then diam(r2) = oo. By this and 
Lemma 3.3, we know that for any cube Q with its center xq G Q, 

m>\QnQ\>\Q\, 

which, together with the arbitrariness oi Q, implies that \Q\ = oo. Moreover, 
from / G H^^j\f^{fl), we deduce that J\fh{f) £ L'^i^), which, together with 
Lemma 3.4, implies that S*^' ' (/) G L*(f2). By this and the definition of 
O, we have \0\ < oo, which confiicts with \0\ = \fl\ = oo. Thus, the claim 
holds. 

By Lemma 3.4, we know that there exists a positive constant Ci such 
that for all R G (diam(r2), (Iq) and x & Q, 

(3.34) ^diam(n),i?,l/20(^)(^) ^ CiAf,{f){x). 

Now we continue the proof of Lemma 3.5 by using (3.34). Without loss 
of generality, we may assume that R > diam(r2). Otherwise, we replace R 
just by diam(f2) in (3.14). If 7 > t^, then 

xeQ: ^^•^•^/'°(/)(x) > 2A, A4(/)(:r) < 7A 

<\n\<ch'\o\<i'\o\, 

which shows Lemma 3.5 in the case that O = Q and 7 > ^. 

If 7 < ^, by the fact that Afh{f){x) < 7A for all a; G F and (3.34), we 
have that for any R > diam(r2) and x & F, 

^diao.(^),iJ,l/20(^)(^^ < CiM,(/)(x) < -^X = A, 

which implies that 

{xeQ: S;:''^'^'\f){x) > 2A, Afnimx) < 7A 
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Thus, to finish the proof of Lemma 3.5 in this case, it suffices to show that 



whose proof is similar to that of (3.18) with 10/^ and Q^ (1 F respectively 
replaced by diam(r2) and ^2. We omit the details, which completes the proof 
of Lemma 3.5. ■ 

Lemma 3.7. Let^, Q and L be as in Proposition 3.1. For all a, f3 G (0,oo), 

< e < R < dn and all f G L^{^), 

^$(^;;'«'"(/)(x)) rf:r~^$(^;;'^'^(/)(x)) dx, 

where the implicit constants are independent of e, R and f. 

The proof of Lemma 3.7 is similar to that of [13, Proposition 4]. We omit 
the details. 

Now we show Proposition 3.2 by using Lemmas 3.5 and 3.7. 

Proof of Proposition 3.2. Let / G H^^j^^^Vl) nL^(i7). By the upper type 

1 and the lower type p$ properties of $, we know that 



$(t)^ f ^ds 
Jo s 



for all t G (0, oo). From this, Fubini's theorem and Lemma 3.5, it follows 
that for all e, R E (0, dn) with e < R and 7 G (0, 1], 



(3.35) /'$(5^'^'^/^°(/)(x))rfa; 



r\j 



n 

Sh (/)W <|)(t) f^ $(t) 

dtdx ^ I (J ^e. R, 1/20, At) dt 

< J -^^mdlt) dt + j^ J ^ag,,«,,/,^^^(t/2) dt 




1 Jn 
where 



1 f°° ^(t) 2 f°° $(t) 

<-/ — — a-Ar^(/)(t)rft + 7 / -^a^e,B.,i/2, Jt)dt 
1 Jo i^ Jo ^ ^ 

- U{MH{f){x)) dx + ^' U{s',''''^\f)ix)) dx 



a^e,R,i/2o,At) := \x eVt: S^l ' ' {f){x) > t 
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Furthermore, by Lemma 3.7, (3.35) and S^ ' (/) < S^ (/), we have that 
for all e, Re (0, dn) with e < R and 7 G (0, 1], 



^ {s',''if)ix)) dx^ I $ [S];'''"'\f){x)) dx 



< 



$(Ar,(/)(x)) rfx + y / $ 5^'^(/)(a:) dx 



7 Jn Jn 

which, together with the facts that for all A G (0, 00) 



5r(/A) = ^r (/)/A 



and 



Ar,(//A)=Ar,(/)/A, 
implies that there exists a positive constant C2 such that 

s'.^'imx) 



(3.36) / $ 
Jn 



A 



(ix 



<ft^i /^r^WM^ ,, + ,. /WSVM u,,. 



7 Jn 



A 



A 



Take 7 G (0, 1] such that 6*27^ = 1/2. Then by (3.36), we obtain that for all 
A G (0,00), 



,R/ 



^iSr(m],,<f^(mMu.. 



A 



A 



By the Fatou lemma and letting e — ?> and i? — ?■ c/q, we obtain that for any 
A G (0,00), 



$ 



^/.(/)(:^) 



rfx< / $ r:^^^^t^M 1 rf^, 



'n \ -^ / ~ in V -^ 
which implies that 

l|5^.(/)l|L*(n)<||A4(/)||L*(n). 

This finishes the proof of Proposition 3.2. ■ 

Proposition 3.3. Let $, Q and L be as in Proposition 3.1. Then under 
DEC, there exists a positive constant C such that for all f G L'^{Q), 



\\Sh{f)\\LHn)<C S,{f) 



L*(n) 
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Proof. To show this proposition, we borrow some ideas from [22]. Fix 
e, Re (0, dn) with e < R and x e Q. Let / G L'^{Q) and, for a e (0, oo). 



,R 



Ta {x):={{y,t)eWx{e,R): \x-y\<at}. 



-e,R 



Take r] G C^{W x (0, oo)) such that r^ = 1 on T^ (x), < r] < I, 



suppr] C r 



;e/2, 2R 
3/2 



Uc 



-e/2,2R 



and for all (|/,t) G Tr^^2 i^)^ l^^viUi'^)] ~ j- By the choice of 77, we have 
that for all t G (e/2,2i?), rit{-) := r/(-,t) G C°^((]). In the rest part of this 
proof, we denote e-*'^(/) by Ut for all t G (0, dn). Then by [42, p. 23, (1.19)], 
we know that for any given t G (0,^^), Ut G D{L) C Wq' {fi). Moreover, 
by the fact that for all t G (0,^^), 



Luf = e 2 



{Le-'^\f) 



-1,2/ 



and [42, p. 23, (1.19)] again, we have that Lut G D{L) C Wq' (il), which, to- 
gether with rit G C°^{n), implies that for all t G (0,o?n), {Lut)rit G Vro'^(fi). 

From this, (1.2), the facts that < r^ < 1 and 77 = 1 on F^ (x), and Holder's 
inequality, we deduce that 



e,R/ 



(3.37) 5r(/)(^ 



< 



n-«(x) 



e/2,2fl 



t'Le-'^^um 



dydt 



1/2 



t|Q(a;,t)nn| 



3/2 



(x) 



t'Le-'^'Um 



xt^Le-^'L{f)iy)r]iy,t) 



dydt 



1/2 



t|Q(x,t)nfi| 



< 



r;/;,-(.) 



A(y)Vtzt(y)-tV(t2LMi)(|/) 

1/2 



xr]{y,t) 



dydt 



t\Q{x,t)f\Vt\ 



+ • 



rj/^'-(.) 



A(y)VMt(y)-Vr7(|/,t)t3LMi(y) 
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, 1/2 

dydt 



t\Q{x,t) nfi| 

{^ 1/4 
[ I ^ / .,2 dydt 

dydt 



1/4 



r;/;,'-(x)' ^ '^ '^ t\Q{x,t)nn\ 



2 (iy (it 



+ Wr.j»,J*^"''^'l'«|Q(x.onn| 



,2t ( M2 ^^^^ 



1/4 



1/4 



For all (-2, t) G Fg'^g' (a:), let 

E(,,,):=5((2;,r),7r)n(fix(0,rff,)), 

where 7 is a positive constant which is determined later. From the Besicov- 
itch covering lemma, it follows that there exists a subcollection {£"(2.^^.)}^ 

of {Eut\\. . e/2,2R, ^ such that (3.12) holds in this case. For each j, we 

' "^ (^''''-'^13/2 \^> 

denote E(_z',t') simply by Ej. Similarly to the facts (i) and (ii) appearing in 
the proof of Lemma 3.4, we have the following two facts for Ej: 

(i) For each j, if {y,t) G Ej, then t ^ dj ^ "'"(-^j); where dj and r{Ej) 
denote, respectively, the distance from Ej to the bottom boundary 
Q, X {0} and the radius of Ej. 

(ii) For each j, let 

Ej := B{{z„T,),9-fT,) n{Qx {0,dn)). 
If 7 G (0, 1/54), then E^ C r2/^'^^(x). 
For all t G (0, d^), let Vf := Le~*'^(/). Then we have that 

dtVt + Lvt = 0. 
Thus, from Remark 3.1 (in which, if Tj G (e, yt^]) w^ choose 

to := {l + -f)Tj, 
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r := 7rj and c := -, and if Tj G (j-zp") dn), we then choose to := dn, r := 'jtj 
and c := -tj^tt, and in both cases, we need choose 7 G (0, 1/54)), we deduce 
that for each j, 



t\V{Lut){y)\^dydt 



< 



1 



HE,W '- 



t\Lut{y)\'^ dydt. 



By this, the above facts (i) and (ii), and (3.12), we obtain that 

1 2 dydt 

- 3/2 



\tV{fLut){y) 

) 

< E / V^{t'Ln,){y) 
, Je, 

-E 



t\Q{x,t) nvt\ 
1 2 dydt 



HE,)V 



< 



E 



\Q{x,r{E,))nn\ 
HE,)? 



\Qix,r{E,))nn\ 






k'^wt(y)l 



t|Q(x,t)nfi| 

t\^{Lut){y)f dydt 

t\Lut{y)\ dydt 
dydt 



r{Ej)f}E,' " " t\Q{x,t)^^\ 



< 



e/4, 4R 



(^) 



\t'Lut{y)\ 



dydt 



t\Q{x,t) nn\ 



which, together with (3.37), imphes that 



S'^^{f){x) 



< 



Sf''^'"\f){x) 



1/2 



S\ 



e/4,4R,2 
h 



{f){x) 



1/2 



By the Fatou lemma, letting e — )■ and R ^ dQ, we have that 

SkiDix) < [Sf{f){x)f'[Sl{f){x)?/', 

which, together with Cauchy's inequality, implies that there exists a positive 
constant C2 such that for all e G (0, 1), 



(3.38) 



S,{f){x)<^Sf{f){x) + eSl{f){x). 



Similarly to the proof of Lemma 3.7, we have that there exists a positive 
constant C3 such that for all g G L'^{Q), 



<^ [Sl{g){y)) dy < C, / ^ {Sn{g){y)) dy. 
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From this, (3.38), the strictly lower type pq, and the upper type 1 properties 
of $, it follows that there exists a positive constant C such that for all x & Q, 

(3.39) [ ^iS,if)ix)) dx< [ ^ f^sfif)(x)\ dx 

<!> {Sl{f){x)) dx 

<^l^{srif)ix))dx 

+C3e^* f <^iSh{f){x))dx. 



n 



Take e G (0, 1) small enough such that Cse^* < |. By this, (3.39) and 
Lemma 3.7, we obtain that 



^Si,if)ix))dx< / ^(S,if)ix)] dx, 

which, together with the facts that for all A G (0, oo), 

Shif/^) = Sn{f)/\ and Sn{f/\) = S,if)/\, 
implies that 

From this, it follows that Proposition 3.3 holds, which completes the proof 
of Proposition 3.3. ■ 

To complete the proof of Theorem 1.1, we need the following key propo- 
sition. 

Proposition 3.4. Let $, Q and L be as in Theorem 1.1. Assume that L 
satisfies DBC and the semigroup generated by L has the Gaussian property 

(Gdiam(n))- 

(i) IfQ is unbounded, then 

(if$,s^(fi) n L\n)) c {H^,r{^) n L'^{n)) 

and there is a positive constant C such that for all f G H<^ Sh (^) l~l 
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(ii) IfQ is bounded, then 

and there is a positive constant C such that for all f G i/$ Sn rfn (^) '"' 
Moreover, if, in addition, n > 3 and (Goo) holds, then 

with equivalent norms. 

To show Proposition 3.4, we need the atomic decomposition of the tent 
space on Q. Now we recall some definitions and notion about the tent space, 
which was initially introduced by Coifman, Meyer and Stein [13] on M", and 
then generalized by Russ [45] to spaces of homogeneous type in the sense of 
Coifman and Weiss [14, 15]. Recall that it is well known that the strongly 
Lipschitz domain i7 is a space of homogeneous type. For all measurable 
functions g on Q x (0, oo) and x G f2, define 

A{g)ix):={f \9{x,t)\^T7^r^^,^Y\ 

[Jfix) \Q{x,t)r]n\ t } 

where 

f{x) := {{y,t) eClx (0, cx)) : \y - x\ < t}. 

In what follows, we denote by T^{Q) the space of all measurable functions 
g on fi X (0, oo) such that A{g) G L*(r2) and for any g G T$(r2), define its 
quasi-norm by 

lkllT,(n):=M(^)IU*(f.):=mf|AG(0,oo): ^ $ ('::^MM^ dx < 1 

When $(t) := t for all t G (0, oo), we denote T$(f]) simply by Ti{n). 
A function a on Q x (0, oo) is called a T<^{Q)-atom if 

(i) there exists a cube 

Q:=Q(xQ,/(g))cM" 

with xq E Q and 1{Q) G (0, oo) fl (0, dn] such that suppa C Q HQ, 
where and in what follows, 

Q7m:= Uy,t) en x{0,oo): \y - xq\ < -^ - t 
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^dydt ^r^r.n\-ll^f\r^r.n\^^-2 



\a{y,t)\'^<\Qnn\-'[p{\Qnn\)]-'. 

Qnn ^ 

Since $ is of upper type 1, it is easy to see that there exists a positive 
constant C such that for all T$(r2)-atonis a, we have ||a||T<i,(f7) < C] see 
[28]. By a slight modification on the proof of [28, Theorem 3.1], we have the 
following atomic decomposition for functions in T<^{Q). We omit the details. 

Lemma 3.8. Let Q be a strongly Lipschitz domain of M" and $ satisfy 
Assumption (A). Then for any f G T<^{Q), there exist a sequence {aj}j of 
T<p[Q)-atoms and a sequence {Xj}j of numbers such that for almost every 
{x,t) eQ X (0, cx)), 

(3.40) /(x,t) = 5^A,a,(x,t). 



Moreover, there exists a positive constant C such that for all f G T<^{Q), 
(3.41) A({A,s},) 



:=inf J AG (0,oo) : ^\Qjnn\^(- 



^illkillT|(nx(o,oo)) 



< 1 



A|Qj-nfi|V2 

V J 

< CWfh^in), 
where Qj fl Q appears in the support of aj and 

{^ 1/2 
JQjnn 1^ 

In [4, p. 183], Auscher and Russ showed the following property of strongly 
Lipschitz domains, which plays an important role in the proof of Proposition 
3.4. 

Lemma 3.9. Let Q be a strongly Lipschitz domain o/M". Then there exists 
p(f2) G (0, oo) such that for any cube Q satisfying 1{Q) < p(fi) and 2Q C Q 
but 4Q n dQ 7^ 0, where dQ denotes the boundary of Q, there exists a cube 
Q C f2 such that 1{Q) = 1{Q) and the distance from Q to Q is comparable 
to 1{Q). Furthermore, p(f2) = oo if i^ is unbounded. 

Now we show Proposition 3.4 by applying Lemmas 3.1, 3.8 and 3.9. 
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Proof of Proposition 3.4. We first prove Proposition 3.4(i) by borrowing 
some ideas from the proof of [15, p. 594, Theorem C] (see also [23] and [31]). 
Recall that in this case, since Q is unbounded, we have diam(r2) = oo. Let 
/ G Hip^Shi^) ^ L'^i^)- Then by the if "^-functional calculus for L, we know 
that 

(3.42) f = 8 r{t'Le-''^){t'Le-''^){f)^ 

Jo f- 

in L2(fi); see also [25, (9)]. Since / G H^,sd^), we have that Sh{f) G L*(fi), 
which implies that t^Le~^^^{f) G T$(J1) and 



^*,Sft{f^) 



t'Le-'^U) 



T^{Q) 



Then from Lemma 3.8, we deduce that there exist {Xj}j C C and a sequence 
{aj}j of T$(i7)-atoms such that for almost every (x, t) G ^2 x (0, oo), 

(3.43) t^Le~''^{f){x) = ^ A^a^^a;, t). 

j 

For each j, let 

t^Le~*'-^(aj) — . 

Then by (3.42) and (3.43), similarly to the proof of [29, Proposition 4.2], we 
have that 






(3.44) f = Y^ \,c 

j 

in L^(r2). For any T<j,(r2)-atom a supported in Q HQ, let 

To show Proposition 3.4, it suffices to show that there exist a function a on 
W such that 

(3.46) a\n = a 

and a sequence {bi}i of harmless constant multiples of (p, 2, 0)-atoms, with 
the constant depending on i, such that a = 'Ylii^i i^i -^^(IR") and 

,3.4T) ^|«,*(Wi;p)<|«nO|*(^*|^). 
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where for each i, supp bi C Qi and Q n Q appears in the support of a. 
Indeed, if (3.46) and (3.47) hold, then by (3.46), we know that for each j, 
there exists a function 5j on M" such that ajl^ = aj. Let 



/-E^. 



j"i- 



Then JIq = f. Furthermore, from (3.47), we deduce that there exists a 
sequence {&j,i}j,i of harmless constant multiples of (p, 2, 0)-atoms, with the 
constant depending on j and i, such that 



J « 



and 



J2\Q^'^\^ 



J.« 



^illl^j,i|U2(R") 



J2\Qj^^\^ 



I -^i I II '^i II T|(f7x (0,00)) 

\Qjnn\^/^ 



where for each j and i, supp6j,j C Qj^i and Qj fl Q appears in the support 
of ttj, which, together with the facts that for all A G (0, oo). 



|^i,i/-^||L2{R") = ||&i,il|L2{R")/A 



and 



\^j/M\Ti{nx{0,oD)) 



|O'jllT|{nx(0,oo))/-^; 



implies that for all A G (0, oo). 



^|Q^-nf]|$ 



l^illl'^illr|(nx(o,oo)) 
From this and Lemmas 3.1 and 3.8, it follows that / G H^lM."-) and 



(3.48) 



/ 



Thus, / G H,^r{^) and 



/ 



< 



_f/P. 2.0(R") 



^*, s, (fi) 



-^*,r(f^) r\-' 



^«,Sft(f^)' 



which, together with the arbitrariness of / G /J<j>,5^(r2) nL^(r2), implies that 
the desired conclusion of Proposition 3.4(i). 

Let Q := Q{xo,rQ). Now we show (3.46) and (3.47) by considering the 
following two cases for Q which appears in the support of a. 
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Case l)8Qnn^ j^0. In this case, let 

RkiQ) := (2'^+iQ \ 2''Q) n n 
if fc > 3 and Ro{Q) := 8Q n Q. Let 

Jn:={ken: k>3, \Rk{Q)\ > 0} . 
For ke J^U {0}, let Xk ■= XrUQ)^ Xk ■= \RkiQ)t^Xk and 



ruk := / a{x) dx. 
'RkiQ) 



Then we have 



(3.49) a = axo + "^ aXk 

keJn 

almost everywhere and also in L'^{Q). Take the cube Q C M" such that the 
center Xq of Q satisfying that Xq G il, 1{Q) = 1{Q) and dist (Q, Q) ~ 1{Q)- 
Then there exists a cube Q^ such that {QVJQ)c. Qq and 

(3.50) /(QS) ~ /(Q). 
Let 



Then f^„bo{x)dx = and supp^o C Qo- Similarly to the proof of [53, 
(3.36)], we have 

(3-51) ||a||L2(n) < l|a.||T|(f7x(o,oo))- 

By the facts that ^2 is an unbounded strongly Lipschitz domain and Lemma 
3.3, we know that IQHil | ~ \Q\. From this. Holder's inequality, (3.50) and 
(3.51), we deduce that 



|^o||l2(K") < ||tt||L2(f7) + 



I ( r 1 1/2 



/ \a{x)\^dx\ \Qnn\'/^ 

JRoin) J 



|g|i/2 



r\j 



1 1 1 



r\j 



\Q n f]|V2p(|g n f]|) |g|i/2p(|g|) |g5|V2p(|g*|) ' 
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Thus, we know that bo is a harmless constant multiple of a (p, 2, 0)-atom 
and, by the upper 1 property of $, 

(3.52) m^ (^^) ^ 1^1^ (^^f)^ 

To finish the proof in this case, we need the following Fact 1, whose proof 
is similar to the usual Whitney decomposition of an open set in R"; see, for 
example, [47]. We omit the details. 

Fact 1. For all k G Jq, there exists the Whitney decomposition {Qk,i}i of 
RkiQ) about dVt, where {Qk,i}i are dyadic cubes ofW with disjoint interiors, 
and for each i, 2Qk,i C Vt but AQ^^i fl dQ ^ 0. 

Notice that Fact 1 was also used in [10, pp. 304-305] and [4, p. 167]. Let 
{Qk,i}keJn,i be as in Fact 1. Then for each k G Jn, 



"XRfc(Q) = J2^^Q>=,^ 



almost everywhere. In what follows, for all t G (0, oo), let 

Dt := sdsKs\s=t2- 

Then for all x G Rk{Q), by (3.45), Lemmas 2.1 and 3.3, and Holder's in- 
equality, we have that 

(3.53) \a{x)\< /" / \Dt{x,y)\\a{y,t)\^ 
Jo JQnn ^ 

n f e-"^ , dydt 

Jo Jqnn ^^ ^^ 

"« r t^ dydt^^'^ 



< I|«IIt|(Qx(0,c»)) 1 / / 1^ ,,|2(n+l) f 

Moreover, by Lemma 3.9, we know that for each k and i, there exists a cube 
Qk,i C Q^ such that l{Qk,i) = l{Qk,i) and dist {Qk,i,Qk,i) ~ KQk,i)- Then 
for each k and i, there exists a cube Ql ^ such that {Qk,i U Qk,i) C Ql j and 
KQk i) ~ KQk,i)- For each k and i, let 



|Vfc,i| \JQk,i 
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Then 



bk j(x) dx = 



and supp6fc,j C Ql i- Furthermore, by (3.53) and Holder's inequahty, we 
have that 



(3.54) 



fc,i||L2(R") < ll"l|L2(Qfc,,) 



<2-'=("+i)|gnfir^/2|g* |V2||«II 



(nx(0,oo))- 



Thus, for each k and i, b^^i is a constant muhiple of some (p, 2, 0)-atom 
with the constant depending on k and i. Let 



q; 



feeJn « 



Then by the constructions of bo and {bk,i}k£Jii,i, we know that 5|n = a. 
Moreover, we claim that XlfeeJ 'Yliibk,i converges in L^(]R"). Indeed, let 
M denote the usual Hardy-Littlewood maximal operator. Then by (3.53), 
the boundedness of the vector-valued Hardy-Littlewood maximal operator 
established by Fefferman and Stein in [19, Theorem 1(1)], and the disjoint 
property of {Qk,i}i^ we have that for each k G Jq., 



^6fc,i(a:) dx 

5^2-'=("+i)|gnl]|-i/2||a||^.(^,(o,oo))XQ:,,(a:) 



< 



dx 



<2-2fe(n+i)|gn^|-i| 



<2-2fc{n+l)|gp^|-l| 



lTf(Qx(0,oo)) 



lT|(nx(0,oo)) 



Y.[M{xQ,,d{x)Y "^ dx 

i 



~2-^^("+i)|gnf]ria||^.(^,(o,^))|i?.(Q)| 

~ ^ ll"llT|(nx{0,oo))' 

which, together with Minkowski's inequality, implies that 



(3.55) 



keJn i 



L2{R") '^'^-^si 



y^fefc,i 



L2(R") 
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fceJn 
~ ll«llT|(nx{0,oo))- 

Thus, the claim holds and hence 

in L^(M"). Furthermore, by (3.52), (3.54), the lower type p^ property and 
p$ G {n/{n + 1), 1], we have that 

(3.56) |g;|4 (^^) + E E l«,.l» (^iff? 

<|Onn|<l> 



k II T|{nx (0,00)) 



|Qnf]|i/2 



< /Nkf(Qx(Opo)) 

00 /9-fc("+l)ll/7ll 



A;=3 

Q||t|(Qx(0,oo)) ^ j ^ _^ V^r,-[fe(n+l)ps-H 

fc=3 

«llT|(f7x(0,oo))' 



<IQn(]|<i> 



|gni]|i/2 

which implies that a G iJ$(]R"') and (3.47) in Case 1). 

Case 2) 8Q C ^. In this case, let ko e N such that 2^"(5 C ri but 
(2'="+ig) n (9f] ^ 0. Then /to > 3. Let 

RkiQ) := (2'^+ig \ 2''Q) n 1] 

when k > 1 and Ro{Q) '■= '2Q. Let 

Jf^.fco := {A; G N : A; > A;o + 1, |i?fc(g)| > 0}. 

For k G Z+, let Xfc := X/?fe(Q), Xk ■= \RkiQ)t^Xk, 



rrik := / a{x) dx, 
'RkiQ) 
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Mk ■■= axk - rukXk and Mk ■= axk- Then 

a = Y,Mk+ Yl Mk + Y,^kXk. 
fc=o kejQ^kg k=o 

For k E {0, ■ ■ ■ , ko}, by the definition of Mk, we know that 

Mkix) dx = 

and suppMyfc C 2^^^Q. Moreover, if /c = 0, by Holder's inequahty and 
(3.51), we have 

(3.57) ||Mo||L2(if5n) < ||a||r2(f^x(o^^)) 

< W'MQT' < \2Q\-'/'[pi2Qr\ 
and, if A; G {1, ■ ■ ■ , ko}, similarly to the proof of (3.54), we have 

('Q c;c^ II /\/r II ^ II ^ II <' n~k(n/2+l) \\ „ ii 

(3.58) ||7k/fc||i2(Kn) ^ ||a||i2(R^(Q)) ^ 2 l|a||T|(nx(o,oo))- 

Thus, for each i G {0, ■ ■ ■ , ko}, Mk is a constant multiple of a (p, 2, 0)-atom 
with the constant depending on k. Furthermore, from (3.57), we deduce that 

(3.59) i2gi$ ( ^^^±:r ) < iQi$ ^"""^^^("^(°-« 



^ |2g|i/2 ;~'-^' ^ |g|i/2 

By (3.58), the lower type p^ property and p$ G (n/(n+ 1), 1], we then obtain 
(3.60) t I2^"«l* (Pl^) ^ t I2'<3l* (P3^?fp|) 



For each k G Jn,koi by Fact 1, there exists the Whitney decomposition 
{Qk,i}i of RkiQ) about dVt such that UiQk^i = Rk{Q) and for each i, Qk,i 
satisfies that 2Qk,i C fl and 4^^^ j fl dQ ^ 0. Then Mk = X^j '^Xq^ i almost 
everywhere. Moreover, by Lemma 3.9, for each k and i, there exists a cube 
Qk,i C fi'' such that l{Qk,i) = l{Qk,i) and dist (Qfc^i, Q^^j) ~ l{Qk,i)- Then 
for each k and i, there exists a cube Q^ j such that {Qk,i U Qfc.i) C Ql ^ and 
^('^fc i) ~ KQk,i)- For each A; and i, let 



"^fc.i := aXQfe,. - ^— S / a{x) dx \ Xq, ,• 

\Qk,i\ \JQk,i 
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Then 

/ bk,i{x) dx = 

and suppfefe^j C Ql i- Furthermore, similarly to the proof of (3.56) and 
(3.55), we obtain that for each k G Jn,ko ^''^^ h bk,i is a constant multiple of 
a (p, 2, 0)-atom with the constant, depending on k and i, and 

(3.61) z E \Qu^ (iifp^) ^ iQ'K """ i^pr" ) ^ 

For j G {0, ■ ■ ■ , /cq}, let A^^ := 'Yl,k=j'^k- It is easy to see that 

fco fco 

(3.62) J^ mfcXfc = X](Xfc - Xk-i)Nk + A^'oXo- 

fe=0 k=l 

For any A; G {1, ■ ■ ■ , /cq}, by (3.53) and \xk — Xk-i\ ^ \'^^Q\~^ , we have that 

(3.63) \\{xk - Xk-i)Nk\\L2^^r.) < \2^Q\~^'^\Nu\ 

<|2'^Q|-VMf;2-^J|g|V2||a||^,(^^(^^^^^ 

<9-A:(n/2+l)|| II 



This, together with 



and 



[Xk{x) -Xk^i{x)]dx = 



supp (xfe - Xk-i) C 2^Q, 

yields that for each A;g{1, ■■■,/i;o}, (Xfe ~ Xk-i)Nk is a constant multiple of 
a (p, 2, 0)-atom with the constant depending on k. Furthermore, by (3.63), 
the lower type p$ property of $ and p$ G {n/{n + 1), 1], we have 

(3.64) f;|2-=QH,( llfe-g:^pll^'<--) ) 



fco 



~Z.i^ '^i^^2-^("+i)|g|V2y( -I'^i''^ IQ|i/2 ^- 

Finally we deal with A^oXo- By 

2'="- Vo < dist (xo, d^) < 2^Vo, 

we know that there exist a positive integer M and a sequence {<5o,i}i!£i of 
cubes such that 
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, M}, l{Qo^i) = 2ro and Qo,* C fi; 
, M-1}, go,ingo,i+i7^0and 
dist{Qo^i,dQ) > dist (Qo,i+i,<9fi); 



(i) M~2^0; 
(ii) for alH G {1, 
(iii) for alH G {1, 

(iv) 2Qo,Mndn^(lS. 

Then by Lemma 3.9, there exists a cube Qo,m+i C il such that /(Qo.m+i) 
ro and dist (Qq.m, Qo,m+i) ~ ^o- Let 

&o,i := ^^oXo- 



and 



A^n 



JO,i 



\^Qo,: 



No 




Qo,i 


"XQo.i 




No 



XQo 



\Qo,i-l\ '* \Qo,i 

with i G {2, ■ ■ ■ , M + 1}. Obviously, for alH G {1, ■ ■ ■ , M + 1}, by the 
definition of bo^i, we have that J^„bo,i{x) dx = and there exists a cube 
Ql i C M" such that supp 6o, i C Ql ^ and 



(3.65) 



KQh)-KQ). 



To finish the proof of Proposition 3.4(i) in this case, we need another fact 
as follows. 

Fact 2. Let L be as in (1.3) and satisfy DBC . Let Q, Q and ko be as 

the above. Assume that (Goo) holds. For all x & Q, let 

5{x) := dist {x,dil). 

Then there exist positive constant C and (5, independent on ko and Q, such 
that for all x E Q, 



dtKt{y,x)dy 



2^0 Q 



C fi[S{^)? 

< — e « 
- t 



Now we continue the proof of Proposition 3.4(i) by using Fact 2. By Fact 
2, (3.45) and Holder's inequality, we have that 



(3.66) lA^o 



a{x) dx 



2^0 Q 
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< 



dydt 



Jn 



2'^OQ 



Dt{x,y) dx 



|a(y,t)| 



t 



^ ll«llr|(nx(o,oo)) 



~ ll«lll|(nx(0,oo)) 



'"0 f 2/3[^(y)]2 dy dt 1 ^'"^ 

e t^ 



JQ 

1-0 



t 



t 



t 



JQ v2'=«ro 

^ 0-'=o(n.+ l)/«l/n|l/2|| ^ II 

^2 ^ ^' Ivr ll«llT|(f7x(0,oo))- 

For each i E {I, ■ ■ ■ , M + 1}, from the definition of 60,1, (3.65) and (3.66), 
it follows that 



(3.67) ||&o,.llL2(R")<|A^o||Qr'/'<2-^°("+^)/"||a||^|(^,(o,oo)) 

~2-^"("+i)/"|Qo,r'/'[p(IQo,.|)]-\ 

which, together with the facts that f^„ bo^i{x) dx = and supp6o,i C Qo j? 
implies that 69,1 is a constant multiple of a (p, 2, 0)-atom with the constant 
depending on i. Furthermore, by (3.67), the fact that M ~ 2^^" and (3.65), 
we have 



(3.68) 



M+l 



E i^mI<^ 



i=l 



M+l 



< 



Ei^i* 



j=i 






ll'^llT|(f7x{0,oo)) 
2fco(n+l)/n|g|l/2 



^^^_M,,il)^|^|^/1|a||T|(nx(0,oo)) 



IQI^/^ 



'^llT|(f7x(0,oo)) 



l'^llT|{nx(0,oo)) 



\Q\'^' 



< 



\Q\^ 



IQl'/' 



Let 



fco 



h) 



M+l 



a 






i=l 



fc=l 
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Similarly to the proof of (3.55), we know that the above equality holds in 
//^(M"). It is easy to see that 5|n = ot. Furthermore, from (3.59), (3.60), 
(3.61), (3.63) and (3.70), it follows that 5 G if$(M") and (3.47) holds. 

To finish the proof of Proposition 3.4(i), we need show Fact 2. 

Fix X G Q- Choose ^x G C'r(^) such that < t/'i < 1, V^i = 1 on 
Q(x, ^), supp-?/'! C Q{x, ^), and |V-?/'i(z)| < ^ for all z ^^. Then we 
have that 



(3.69) 



< 



< 



dtKt{y,x)dy 

dtKt{y,x)^lJi{y)dy 
dtKt{y,x)^lJi{y)dy 



2'=i>Q 
■■h+h- 



dtKt{y,x) [l-^i(|/)] dy 

2'=oQ 

+ / \dtK{y,x)\dy 

2''0Q\Q(x,5ix)/8) 



We first estimate Ii. It was proved by Auscher and Russ in [4, Proposition 
A.4] that for all y G fi, t G (0, cx)) and all r G (0, oo). 



(3.70) 



\V,Kt{z,y)\^dz 



{zen-. r<\y-z\<2r} 



1/2 



< t"2-4 



n-2 
1 n / r \ 2 _^ 



Vt 



where 7 is a positive constant independent of y, t and r. Notice that 

dtKt{-,x) + LKt{-,x)=Q 

and (5(x, -^) C 2^"(5. From this, the facts that ipi = 1 on Q{x,-^), 
supp-?/'! C Q{x, -^), |V-?/'i(|/)| < ^tW for all y eVL, Holder's inequality and 
(3.70), it follows that 



(3.71) 



LyKt{y,x)^i{y)dy 



A{y)VyKt{y,x)-Vyipi{y)dy 



< 



< 



{yen: ii£l<\x-y\<^} 



\VyKt{y,x)\\VyMy)\dy 

1/2 



^M 



{yen: '-f><\x^y\<2ii>} 



*Mi 



\VyKt{y,x)fdy 
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1/2 



{y^n; ^<|^-j,|<ii^} 



*(£)l 



|V,^i(l/)|2rfi/ 



<t"2-4 



5{x) 



5{x)' 

n-2 



ra — 2 
2 



e i6t [o(a;)J 



n-2 
2 



7[^(^)]^ 



For I2, by Lemma 2.1, we have that 

1 



< _ 



1 l[S{x)]^ 



g 16t ^ _g 32t 



I.<. 



n\Q{a;,5{x)/8) 
2 



1 c»[f(:r)] 

<-e 5^ 



^n/2+1 
1 



fn/2 



dy 



1 c[S(x)]^ 

dy < -e ^^^ 



From this, (3.69) and (3.71), it follows that Fact 2 holds, which completes 
the proof of Proposition 3.4(i). 

Now we prove (ii) of Proposition 3.4. To this end, let / G H<^^Sh,dn{^) H 
L'^[fi). Recall that d^ := 2diam(f2) and we write (cfn)^ simply by df^. It is 
easy to see that for all z G C satisfying z j^ and | argz| G (0, 7r/2), 



dn 



L2^..-t^z\i.2^-t^z\dt 



{t'ze^''){t'ze''')- + {2diz + 1)6" 
t 



-2dsV 



which, together with the iJ°^-functional calculus for L, implies that for all 

(3.72) / = 8/ {eLe-''^){eLe-''^){f)^ 

Jo ^ 

+ [2dlLe-"'-\f) + e-'^-^f)] =: A + f,. 

We first deal with /i. By the fact that / G H^^j^i^{Q) fl L^{^), Propositions 
3.2 and 3.3, we know that Sh{f) G L'^{Q). From this and the definition of 
the space T$(f2), it follows that 



t'Le-'^'if)Xn 



x(0,dn) 



G T$(fi) 



and 



H.i,sA^) 



t'Le-'^^{f)Xn 



xiOAi) 



T^{Q) 



Then by Lemma 3.8, there exist {Xj}j C C and a sequence {aj}j of T^{Q)- 
atoms such that for almost every (x, t) G ^2 x (0, 00), 



(3.73) 



t'^Le * ^(/)(a;)xnx(o,dn)(a;,t) = ^\jaj{x,t). 
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For each j, let 



aj :-- 



eLe-'Ha., 



dt 



Then by the fact that 



X(0,ds2) 



dt 



and (3.73), similarly to the proof of [29, Proposition 4.2], we have that 
/i = Ylij ^j'^j ii^ L'^{^)- Also, similarly to the proof of (3.48), there exists 
7i e H<s>{W) such that 7i|n = /i and 



11/: 



lll/f^CK") ^ 



which implies that /i G i/<j>,r(^) and 



(3.74) 



11/: 



l\\Hi,^ri^) 



< 



^*,sjf^)' 



H.f.,sA^)- 



Now we deal with /2. Since fi is bounded, there exists a closed cube 
Qo C M" such that Xg^ G fi, l{Qo) ~ rf^ and fi C Qo- Take cubes Qi, Q2 

such that Qi C n^, l{Qi) ~ rf^, (Qo U Qi) C Q2 and /(Q2) ~ c^^. Let 



/2 :- /2Xq„ 



IQi 



f2{y)dy 



Uq, 



^Qi- 



Then /2|n = /2- It is easy to see that supp /2 C Q2, /j^n /2(y) dy = and 

l|/2|U2(IR") ^ ||/2||L2(n)- 

Thus, we have that /2 is a harmless constant multiple of some (p, 2, 0)- 
atom. Denote by K the kernel of 2(i^Le~^"^ + e^'^"-^. Then by Lemma 2.1, 
we know that for all x, y & Q, 



1a\x — y\' 
72— 



\K{x,y)\<-e 

where a is as in (2.1), which, together with the fact that Q is bounded, 
implies that 



sup 1/2(^)1= sup 



zen 



zGSI 



d?.L/ 



K{z,y)e-'-\f){y)dy 



< 



^d?.L 



We-'-'^imLHn). 
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From this, the upper type 1 property of $, and the facts that Q G Q2 and 
^(^2) ~ dn, "we deduce that for all A G (0, 00), 



rsj 



A 

^, ,|e-^""(/)IUMn ) 

By this, Lemma 3.1 and the definition of if$ j.(f2), we know that /2 G 
i^$ j.(r2) and 



(3.75) 11/2 II //<!>,, (f7) < ||/2||//<s,(R") 



|e-4^(/)| 



<inf<'AG(0,oo): $ I ^^ w^^dM 1 < 1 



Thus, from (3.72), (3.74) and (3.75), it follows that / G H^,r{^) and 

\\f\\Hi,,r(n) ~ ll/l|H<i>,s^,do(f^)' 

which, together with the arbitrariness of / G H^^Sh,dii{^) H -^^(^)) implies 
that the first part of Proposition 3.4(ii) holds. 

We now show the second part of Proposition 3.3(ii). We first prove that 

(3.76) iH^,s„d,M n L\n)) = iH^,sM n L'm 

with equivalent norms. Obviously, we have 

by their definitions. To show the converse, let / G i/$^5^(f2) fl L^{Q). By 
Lemma 3.2, the contraction property of {e~*^}j>o on L'^{fi) and Holder's 
inequality, we have that for all a; G f2. 






[SH{f){x)r> / t^^e-*^(/)(y) -^>rfo1l^e-^"n/)lli.(^), 

Jdn/2Jn ^ 

which implies that 

(3.77) inf 5.(/)(x) > rf^"/^||Le-'^«^(/)|U.(^). 
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To continue the proof, we need the following fact, whose proof is similar 
to the proof of [1, p. 42, Proposition 5.3]. We omit the details. 

Fact 3. Let 1 < p < q < oo and a := |(- — -). Assume that (Goo) holds. 
Then L^" is bounded from L^{Q) to L'^{Q). 

By n > 3, we know that there exists Pq G (1, 2] and Qq G (1, oo) such that 
± = 1 + ±, Then M- - -) = 1. By this. Fact 3, (3.77) and H51der's 
inequality, we obtain that 



e-4^ 



(/) 



< 



Li(n) 



e-dlL 



< 



(/) 



Lw (n) 



LP» {yi) 



L-^Le-'^l^if) 



xeQ 



which, together with the upper type 1 property of $, (3.77) and (3.65), 
implies that for all A G (0, oo). 



$ 



|e-'^"^(/)||LMn)\ ^^fmi,enSHif)ix) 



<$ 



From this, it follows that / G H^^Sh,dn{^) ^^^^1 



< /$(M^Mu,. 



^1'.S,.d„(f^) 



< 



H9>,sjn)^ 



which, together with the arbitrariness of / G /J$^5^(r2) r\L'^{Q), implies that 

Thus, (3.76) holds. 

By Propositions 3.1, 3.2, 3.3 and 3.4, we have 



(3.78) 



{H^,M,m n L\n)) = iH^,s„d,m n L\n)) 



with equivalent norms. To finish the proof of the second part of Proposition 



-d^nL, 



(2.1) and the fact that \Q\ < oo, we know that for all x E Q, 



e-dlL 



(/) 



< 



sup 



<d\ 



e 2 



\my) 



dz 



^ -n sup 

j/en,te(0,dn),|a:-j/|<t 



^i^Li 



um ~Ar,(/)(x) 
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From this, it follows that 



e 



-dlL 



^^n/)IUHn)<infAr,(/)(x), 



xe^ 



which implies that for all A G (0, oo), 



e 



-dlL 



"n/)llLi(n)\^^/inf.enAr,(/)(x 



(3.79) <^\^ w^^^ <^ 



A / ~ V A 

By Proposition 3.1 and (3.79), we obtain that 

{h^,mM n L\n)) = iH^,s^,^m n I'm, 

which, together with Proposition 3.3, (3.76), (3.78) and the obvious facts 
that 

implies that 

(H^j^n) n I'm c iH^,s,m n L\n)) = {H^,s„d,A^) n I'm 

From this, we deduce that 

(H^^sS^) n I'm = (i/^,5.,do(^) n ^'(^)) = iH^,s,m n L^(fi)) 

with equivalent norms. This finishes the proof of Proposition 3.4(ii) and 
hence Proposition 3.4. ■ 

Combining Propositions 3.1, 3.2, 3.3 with 3.4, we then obtain Theorem 
1.1. 

Proof of Theorem 1.1. We first prove Theorem l.l(i). By Propositions 
3.1, 3.2, 3.3 and 3.4(i), we know that 

{H^,rm n L\Q)) = {H^,M,m n L\Q)) = (H^^sS^) n L\Q)) 
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with equivalent norms, which, together with the fact that H<^^r{^) H L'^{Q), 
H.^,jvS^)nL'^{n), H^§^{n)nL'^{n) and i/$,5^(f])nL2(f]) are, respectively, 
dense in H^r{^), H^^j^^^^Q), H^ ^ (Q) and i/$ 5^(r2), and a density argu- 
ment, implies that the spaces H^^ri^), H^j^^{Q), H^ ^ {Vt) and H^^Shi^) 
coincide with equivalent norms, which completes the proof of Theorem l.l(i). 
Now we prove Theorem l.l(ii). By Proposition 3.2, we know that for all 

||/||//^_g^(n) < \\f\\H^^j^^{Q.)-, 

which, together with (3.79), implies that 

for all / G Hi^^j^^{Vt)nL'^{Vt). By the arbitrariness of / G i7$_^^(ri)nL2(ri), 
we know that 

From this. Propositions 3.1 and 3.3 and 3.4(ii), it follows that 

with equivalent norms, which, together with the fact that H<^^r{^) H L'^{Q), 
H^,Mni^) n L^in), iH^j^,^in) n L^m and H^,s„d^m n L\n) are, 
respectively, dense in Hq,^r{^), H^^j^^{n), H^g^^^^{n) and H^^Sh,dn{^), 
and a density argument, then implies that the spaces if$ ,,(^), H<^^j^^{Q), 
H^ s dn(^) ^^^ H'S>,Sh,dii{^) coincide with equivalent norms, which is de- 
sired. 

Moreover, if n > 3 and (Goo) holds, by the second part of Proposition 
3.4(ii) and the fact that H^^^^^^^{n) n ^^(fi), H^j^{n) f] L^{n), 

H^,s„d,mnL'{n) 

and iJ$_5^(r2) fl L^{Q) are, respectively, dense in H^ ^ ^ (Q), H^ ^ (fi), 
H^Sh.dniS^) and /J$^5^(r2), together with a density argument, we obtain 
that the spaces H^^^^^^^{Vt), H^g^{n), Hq,^Sh,dn{^) and if$,s^(f]) coincide 
with equivalent norms, which completes the proof of Theorem 1.1 (ii) and 
hence Theorem 1.1. ■ 

Assume that (Goo) holds. For all t G (0,cx)), let Pt := e~*^. For all 
/ G L^{Q) and x e Q, let 

2 dy dt '^ 



Mmx) := / mm)iy)\ 



r(.) t\Qix,t)nn\ 
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and 

Hlin) := {f e L\n) : ||/||^i^(^) < 00} , 

where 

Il/||ffi^(n) := \\Spif)\\LHn)- 

The Hardy space Hg (Q) is then defined to be the completion of Hg (Q) in 
the norm || ■ ||/fl^(^)• 
Proposition 3.5. Let Q and L be as in Theorem 1.1. Assume that (Goo) 
holds. Then Hl{Q) = Hl;^{Q) with equivalent norms. 

Proof. Similarly to the proof of Proposition 3.1, we have that 

(3.80) (H^n) n L\n)) c {Hl,^{n) n L\n)) . 

To finish the proof of Proposition 3.5, it suffices to show 

(3.81) (^5p(^) n L\Q)) c {Hl{n) n L\n)) . 

Indeed, if (3.81) holds, by (3.80), we have 

with equivalent norms, which, together with the fact that H^{Q) fl L'^{Q) 
and Hg^{Q) fl L^(f2) are respectively dense in H^{fi) and Hg^{Q), and a 
density argument, implies that the spaces H^{Q) and Hg^{Q) coincide with 
equivalent norms, which completes the proof of Proposition 3.5. 

To show (3.81), let / G H^Spi^) ^ L'^i^)- Then by the iy°°-functional 
calculus for L and [4, p. 164, (13)], we have that 

r°° dt 

(3.82) f = A tVLP,itVLP,)if)^ 

Jo f- 

in L'^{Q). By / e if^^(fi), we see that Sp{f) G -^^(1^), which, together with 
tVlPtif) = tdtPtif), implies that tVlPtif) G Ti(fi) and 



^1 ^^) = WtVLPtUlW 



Ti{n)- 



Then from Lemma 3.8, it follows that there exist {Xj}j C C and a sequence 
{aj}j of Ti(i7)-atoms such that 



(3.83) tv^P,(/) = 5^A 



j^j- 
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For each j, let 

dt 



POO 

Jo 



'0 '^ 



Then by (3.82) and (3.83), similarly to the proof of [29, Proposition 4.2], we 
have f = ^j ^jO-j in L'^{^). For any Ti(r2)-atoni a supported in Q fl 1), let 



a 



r r- . .dt 
Jo * 



To show (3.81), similarly to the proof of Proposition 3.4(i), it suffices to 
show that for a as the above, there exist a function a on R" such that 

(3.84) a\n = a 

and a sequence {hi}i of harmless constant multiples of (1, 2, 0)-atoms, with 
the constant depending on i, such that a = 'Yl,i^i i^i -^^(R") and 



(3.85) Y. \Q^\"^\ML-{^•") ^\Q^ ^r^l«llT| 



{Qx(0,oo))5 



where for each i, supp hi d Qi. 

Let Q := Q{xQ,rQ). Now we show (3.84) and (3.85) by considering the 
following two cases for Q. 

Case 1) 8Q n 1^^ 7^ 0. In this case, the proofs of (3.84) and (3.85) are 
similar to Case 1) of the proof of Proposition 3.4. We omit the details. 

Case 2)J>Q C Vt. In this case, let /cq, J^,ko, Ro{Q), Rk{Q), Xk, Xk, mt, 
Mfc and M^ be as in Case 2) of the proof of Proposition 3.4. Then 

k() k() 

a = ^Mfc+ J2 Mk + J^'^kXk- 
k=o fee Jn, fc,) fc=o 

Similarly to the proof of (3.59) and (3.60), we obtain that 

fco 

(3.86) |2g|i/2||Mo|U2(Kn) + J2 |2'gr/'||M,||i2(K„) < \Q\'^'\\a\\T2^^^^o,oo)y 

fc=0 

For each k G Jn,ko, by Fact 1, there exists the Whitney decomposition 
{Qk,i}i of Rk{Q) about dVt such that UiQk,i = Rk{Q) and for each i, Qk,i 
satisfies that 2Qk^i C ^2 and 4(5fc,i fl dVt ^ 0. Then M^ = Xli '^XQk i almost 
everywhere. Moreover, by Lemma 3.9, for each k and i, there exists a cube 
Qk,i C Vf' such that l{Qk,i) = l{Qk,i) and dist {Qk,i,Qk,i) ~ KQk,i)- Then 
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for each k and i, there exists a cube Q^ ^ such that {Qk,i U Qk,i) C Q\ ^ and 
KQ*k i) ~ KQk,i)- For any /c and i, let 



5fe,i := «XQfc 



|Qfc,« 



Wfc, i 



"(^)c?^Kq, - 



Then 



6i. ,• (x) dx = 



and suppfefc j C Ql j. Furthermore, similarly to (3.59) and (3.56), we know 
that for each k G Jn^ko and i, h^^i is a constant multiple of some (1, 2, 0)- 
atom, with the constant depending on k and i, and 



(3.87) 






feo 



For j G {0, ■ • ■ , /co}, let A'j- := X^^l^- nik- It is easy to see that 



(3.88) 



ko ko 

^mkXk = ^iXk - Xk-i)Nk + Noxo- 

k=0 k=l 



Similarly to the proofs of (3.63) and (3.66), we see that for each k G 
{1, ■ ■ ■ , ko}, {xk — Xk~i)Nk is a constant multiple of a (1, 2, 0)-atom, with 
the constant depending on /c, and 



h) 



(3.89) Y. |2'Qr^l(XA. - Xk-i)Nk\\LHR-) < \Q\'^'\\a\\Tiinx(o,oo))- 



k=l 



Finally we deal with A^'oXo- Let M, {Qo,i}Zt^ and {6o,i}f=o^ be as in 
Case 2) of the proof of Proposition 3.4(i). For all t G (0, oo), we denote the 
kernel of Pt by pf. Then by Fact 2 and the subordination formula associated 
with L that 



-tVI 



1 



j2 



(see [4, p. 180, (A.l)]), we have that for all x E Q, 



2h)Q 



dtpt{y,x)dy 



~ t 1 t 



where 6{x) for x G Q is as in Fact 2 of the proof of Proposition 3.4. From 
this and Holder's inequality, it follows that 



(3.90) 



l^ol 



2'=oQ 



a{x) dx 
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2'=oQ Uo Jn 



WM^.yHy.t)'^U. 



<4 



Jn 



tdtpt{x,y)dx 



2'=0Q 



\a{y,t)\ 



dydt 



< 



< 



l«llT|(f7x(0,oo)) 



|ct||r|(Qx(0,oo)) 



JQ 



1 + 



m 



t 



t 
2 . ..> 1/2 



dydt 
T 



2 ^1/2 

t \ dydt 



'0 JQ \2'="^o; t 

For each i G {1, ■ ■ ■ , M + 1}, by the definition of 6o,i) (3.90) and the fact 
that l{Qo,i) ~ KQ)j ^^ have 



(3.91) 



|^0,i||L2(R") < lA^ollQI ^'^^2 '"'||a||T|(f7x(0,oo)) 

<2-'=«|g|-V2[p(|Q|)]-i 

~2-'=«|go,r'/'[p(IQo,.l)]-\ 



which, together with the facts that 



Bq i{x) dx = 



and supp 6o,i C Qo «) iniphes that 6o,i is a constant multiple of some (1, 2, 0)- 
atom with the constant depending on i. Furthermore, by (3.91) and the fact 
that M ~ 2''«, we obtain 



M+l 



M+1 



(3.92) 2^ IQo,ir^^im*IU2(R")~ 2^ 2 ''"|Qr^^||a||T|(Qx(o,oo)) 

r|(nx(o,oo))- 



i=l 



j=l 



iQr/i«iiTi(n> 



Let 



fco fco M+l 

fee Jn, fen « 



0,4- 



1=1 



fc=i 



i=l 



By an argument similar to that used in the estimate (3.55), we know that 
the series in the definition of a converges in L^(M"). It is easy to see that 
5|n = a. Furthermore, by (3.86), (3.87), (3.89) and (3.92), we have that 
5 G H<j>(R"') and (3.85) holds, which completes the proof of Proposition 
3.5. ■ 
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From Proposition 3.5, we deduce that for any given / G Hg (Q), there 
exists an atomic decomposition, which gives a positive answer to the question 
asked by Duong and Yan [17, p. 485, Remarks (iii)] in the case that p = 1. 
However, it is still unknown whether this method also works for p < 1 but 
near to 1, which seems to need nicer estimate than (3.90). 

Acknowledgements. Both authors would like to thank the referee for 
her/his careful reading and several valuable remarks which improve the pre- 
sentation of this article. 
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